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Abstract: Very special relativity (VSR) keeps the main features of special relativity
but breaks rotational invariance due to an intrinsic preferred direction. We study the VSR
modified extended BRST and anti-BRST symmetry of the Batalin-Vilkovisky (BV) actions
corresponding to the p = 1, 2, 3-form gauge theories. Within VSR framework, we discuss
the extended BRST invariant and extended BRST and anti-BRST invariant superspace
formulations for these BV actions. Here we observe that the VSR modified extended BRST
invariant BV actions corresponding to the p = 1, 2, 3-form gauge theories can be written
manifestly covariant manner in a superspace with one Grassmann coordinate. Moreover,
two Grassmann coordinates are required to describe the VSR modified extended BRST and
extended anti-BRST invariant BV actions in a superspace. These results are consistent
with the Lorentz invariant (special relativity) formulation.
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1 Overview and motivation
The standard model, although phenomenologically successful, is unable to explain a variety
of issues satisfactorily [1]. The standard model is assumed to be an effective description
that works in the low-energy limit of a more fundamental theory (having a quantum de-
scription of gravitation also). However, the natural scale for a fundamental theory including
gravity is governed by the Planck mass. This leads to an interesting question that whether
any aspects of this underlying theory could be revealed through the definite experiment
with present techniques. To understand this properly, one possibility may be to examine
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proposed fundamental theories for effects that are qualitatively different from standard-
model physics. In this regard, one possibility is that the new physics involves a violation
of Lorentz symmetry. In this connection, Cohen and Glashow proposed that the laws of
physics need not be invariant under the full Lorentz group but rather under its proper
subgroup [2]. An advantage of this hypothesis is that while Lorentz symmetry is violated,
the theory still follows the basic postulates of special relativity, like the constancy of the
velocity of light. Any scheme with proper Lorentz subgroups along with translations is
referred to as very special relativity (VSR).
As an observable consequences of VSR, a novel mechanism for neutrino masses without
introducing new particles has been studied in Ref. [3]. Few other observable consequences
of VSR have also been given in [4, 5]. In recent past, VSR has been studied in various con-
texts. For instance, the idea of VSR is implemented to de Sitter spacetime where breaking
of de Sitter invariance arises in two different ways [6]. Also, it has been shown that the
gauge field in quantum gauge perspective acquire mass naturally without the conventional
Higgs mechanism [7]. The modifications due to VSR have also been analyzed for the re-
ducible gauge theories using the BV formulation [8]. Within VSR framework, the event
space underlying the dark matter and the dark gauge fields supports the algebraic struc-
ture [9]. The VSR effect to curved space-times shows that the SIM(2) symmetry, which
leaves the preferred null direction invariant, does not provide the complete couplings to the
gravitational background [10]. The proper Lorentz subgroups together with translations
are realized in the non-commutative space-time where the behavior of non-commutativity
parameter θµν is found lightlike [11, 12]. In VSR scenario, N = 1 SUSY gauge theories
contain two conserved supercharges rather than the usual four [13]. The effects of quantum
correction to VSR is studied to produce a curved space-time with a cosmological constant
[14], where it is shown that the symmetry group ISIM(2) does admit a 2-parameter family
of continuous deformations. Recently, a violation of Lorentz invariance in quantum electro-
dynamics induced by a very high frequency background wave is studied, where averaging
observables over the rapid field oscillations provides an effective theory [15]. The quantum
electrodynamics and the massive spin-1 particle are discussed in VSR in Refs. [16, 17]. The
spontaneous symmetry-breaking mechanism to give a flavor-dependent VSR mass to the
gauge bosons is studied in [18]. Interestingly, a quantum field theoretic structure suitable
to describe the dark matter suggest that VSR plays the same role for the dark matter fields
as special relativity does for the standard model fields [9].
On the other hands, the supersymmetric version [19] of a non-Abelian gauge theory
is a super-geometrical theory of a constrained super 1-form [20]. It is well-known that in
a superspace formulation there exists a superconnection which is the gauge superfield in a
superspace. This, eventually, extends the relation of 1-forms and gauge theories in ordinary
spacetime to the superspace. As a result, the entire formalism of differential geometry is
valid in the superspace approach. The higher order p-forms theories have been studied [20],
which contain the gauge superfields characterized by gauge parameters of (p−1)-forms. The
importance of such formulation lies to the fact that the well-known formulation of simple
supergravity in eleven dimensions [21] explicitly contains a 3-form component gauge field
and its extension to superspace [22] naturally includes the introduction of a super 3-form
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gauge superfield. A simple reduction of eleven dimensions to four-dimensions then leads
to 3-form gauge superfield in the N = 8 supergravity. Also, antisymmetric tensor fields
describe the low energy excitations in string theories [23, 24]. The study of higher-form
gauge theory is also important for the classical string theories [25], vortex motion in an
irrotational, incompressible fluid [26, 27], dual formulation of the Abelian Higgs model
[28, 29] and for supergravity multiplets [30].
To quantize the p-form gauge theories, BV formulation is one of the most general
and powerful approaches [31–37]. One of the important illustrations of this formulation is
that it provides a systematic way of accretion of the nontrivial ghost for ghost structure
for the case of reducible gauge theories. It has been observed that the antifields of the
BV formulation coincide with antighosts of certain collective fields, which ensure that
Schwinger-Dyson equations are satisfied as a consequence of the gauge symmetry algebra
[38, 39]. Also the quantum corrections for anomalous gauge theories can be evaluated from
the functional measure as long as a suitable regularization procedure is introduced [40].
A superspace formalism for the Lorentz invariant BV action of 1-form, 2-form and 3-form
gauge theories have been studied [41–43]. The extended BRST and extended anti-BRST
invariant formulations (including some shift symmetry) of the Lorentz invariant BV action
have also been studied [41, 42, 44], which lead to the proper identification of the antifields
through equations of motion of auxiliary field variables. The importance of shift symmetries
introduced through collective fields lies to the fact that it ensure that Schwinger-Dyson
equations at the level of the BRST algebra can be performed within the Feynman path
integral [38]. According to the field redefinition theorem, the particular choice of variables
should have no influence on physical quantities like S-matrix elements, which appreciates to
formulate the quantization prescription in a more coordinate-independent manner. In Refs.
[38, 39], Schwinger-Dyson equations is accomplished in different field variables following
shift symmetry. Although VSR has been studied in various contexts, but the extended
BRST and extended anti-BRST invariant formulations with their superspace description
remain unstudied in VSR framework. This provides us an opportunity to bridge this gap.
We consider a non-Abelian 1-form gauge theory in VSR context which remains invari-
ant under a non-local (Lorentz breaking) gauge transformation. The equations of motion
in VSR-type Lorentz gauge leads a Proca type equation which confirms that non-Abelian
vector to have a mass. Although this describes a theory with mass but remains invari-
ant under a (VSR modified) gauge transformation. This leads to a redundancy in gauge
degrees of freedom if we quantize it without fixing a gauge. Therefore, utilizing Faddeev-
Popov procedure, we construct an effective action which admits a (VSR modified) BRST
transformation. Furthermore, we study the extended BRST symmetry which includes a
shift symmetry. This extra symmetry is then gauge fixed (adding new ghosts, antighosts,
and auxiliary fields) in such a way that the original action is recovered after the extra fields
are integrated out. In order to recover original theory (or to compensate these additional
fields), we further introduce anti-ghosts with exactly opposite ghost numbers. Within for-
mulation, these anti-ghosts coincide with the antifields of the BV formulation analogous
to Lorentz invariant case. We further provide a superspace description of VSR modified
non-Abelian 1-form gauge theory possessing extended BRST symmetry with the help of
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coordinates (xµ, θ). The superspace description of this theory having extended anti-BRST
invariance only needs another fermionic variable θ¯ together with xµ. However, we found
that even in VSR modified theory possessing both the extended BRST and extended anti-
BRST invariance, one needs a superspace with two grassmann parameters θ, θ¯ together
with xµ to provide a superfields description. We generalize the results of non-Abelian 1-
form gauge theory to the higher-form (for instance 2, 3-form) gauge theories also to show
consistency of results.
The paper is organized as following. In section II, we outline non-Abelian 1-form
gauge theory in VSR. Here, we study the VSR modified extended BRST and extended
anti-BRST transformations (which include a shift symmetry) for the BV action of theory.
Within this section, we demonstrate a superspace description for the 1-form gauge theory
having extended BRST invariance and extended anti-BRST invariance as the separate
cases. Section III is devoted to the generalization of results for the non-Abelian 1-form
gauge theory to the Abelian 2-form gauge theory. We further generalize these results to
the Abelian 3-form gauge theory case in section IV. The paper is summarize with future
remarks in the last section. The lengthy calculations are reported in Appendix sections.
2 Non-Abelian 1-form gauge theory: VSR modified BV action in super-
space
In this section, we describe the VSR modified BV action for non-Abelian 1-form gauge
(Yang-Mills) theory in superspace. Let us review first the VSR description of non-Abelian
1-form gauge theory following Ref. [18]. We start by defining the classical Lagrangian
density in VSR as follows [18]
L0 = −
1
4
Tr
[
F˜ aµν F˜ aµν
]
, (2.1)
where field-strength tensor F˜µν is given by
F˜µν = Fµν −
1
2
m2
(
nν
1
(n ·D)2
nαFµα − nµ
1
(n ·D)2
nαFνα
)
, (2.2)
with
Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ] +
1
2
m2nν
(
1
(n · ∂)2
∂µ(n · A)
)
−
1
2
m2nµ
(
1
(n · ∂)2
∂ν(n · A)
)
−
i
2
m2
[
1
(n · ∂)2
n · A, (nµAν − nνAµ)
]
. (2.3)
The vector nµ is a constant null vector (i.e. n
2 = 0), which transforms under a VSR
transformation so that any term containing ratios involving nµ are invariant. The covariant
derivative is determined by imposing the proper transformation property for the covariant
derivative as follows: Dµ = ∂µ − i[Aµ, ·] −
i
2m
2nµ
[(
1
(n·∂)2
n · A
)
, ·
]
. We use following
definition to handle the non-local terms [18]
1
n ·D
=
∫
∞
0
db e−bn·D. (2.4)
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The equations of motion for the vector field satisfying VSR type Lorentz gauge condition
leads to a Proca equation which suggest that vector field has mass [18].
This Lagrangian is also invariant under a VSR modified (non-local) gauge transforma-
tion
δAµ = ∂µλ− i[Aµ, λ] +
i
2
m2nµ
(
λ,
1
(n · ∂)2
n ·A
)
−
1
2
m2nµ
(
1
(n · ∂)
λ
)
+
i
2
m2nµ
(
1
(n · ∂)2
n · [A,λ]
)
, (2.5)
where λ is an infinitesimal parameter. Being a (VSR modified) gauge invariant, the non-
Abelian 1-form gauge theory contains redundant degrees of freedom. To quantize the
theory correctly we need to choose a gauge appropriately. In this context, the gauge-fixed
Lagrangian density together with the ghost term is given by
Lgf = Tr
[
B∂µAµ −B
m2
n · ∂
nµAµ + iC˜(−m
2)C + C˜∂µ[A
µ, C] +
m2
2
C˜
(
1
n · ∂
[n ·A,C]
)
−
m2
2
C˜
(
n · ∂
[
C,
n · A
(n · ∂)2
])]
, (2.6)
where Ba is an auxiliary field. Here we note that, in comparison to VSR modified covariant
gauges, the gauge-fixed Lagrangian density takes simplest form [8] in VSR modified light-
cone gauge, η ·A = 0, where ηµ is an arbitrary constant vector that defines a preferred axis
in space. Now, the effective quantum Lagrangian density for Yang-Mills theory in VSR is
given by
L = L0 + Lgf . (2.7)
This Lagrangian density leads to following vector field and ghost propagators respectively:
∆µν =
1
p2 +m2
[
ηµν −
(
α− 1
2α− 1
)
1
p2 +m2
(
pµpν +
1
2
m2(nµpν + nνpµ)
1
n · p
+
1
4
m4
nµnν
(n · p)2
)]
,
∆gh = −
1
p2 +m2
. (2.8)
This implies clearly that both the gauge field and ghost field have same mass m, conse-
quently, this mass generation is different from Higgs mechanism. This is matter of cal-
culation only to show that this effective Lagrangian density (2.7) is invariant under the
following BRST transformations:
sbAµ = ∂µC −
m2
n · ∂
nµC − i[Aµ, C] + i
m2
2
[
C,
n · A
(n · ∂)2
]
+ i
m2
2
nµ
(
1
(n · ∂)2
n · [A,C]
)
,
=: DµC,
sbC = iC
2, sbC˜ = iB, sbB = 0. (2.9)
This BRST transformations are nilpotent in nature, i.e., s2b = 0. Since the gauge fixing and
ghost part of the effective Lagrangian density is BRST-exact, so these can also be expressed
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in terms of BRST variation of gauge-fixing fermion (Ψ). Thus, the effective Lagrangian
density can also be expressed as
L = L0 +Tr(sbΨ), (2.10)
where the explicit form of the gauge-fixing fermion Ψ is
Ψ = −iC˜
(
∂µAµ −
1
2
m2
n · ∂
nµAµ
)
. (2.11)
One could also check that the effective Lagrangian density (2.7) is also invariant under
the another nilpotent transformation where the role of ghost and anti-ghost fields are
interchanged. These so-called anti-BRST transformations are
sabAµ = ∂µC˜ −
m2
n · ∂
nµC˜ − i[Aµ, C˜] + i
m2
2
[
C˜,
n · A
(n · ∂)2
]
+ i
m2
2
nµ
(
1
(n · ∂)2
n · [A, C˜]
)
,
= DµC˜,
sabC˜ = iC˜
2, sabC = −iB + iCC˜, sabB = −i[B, C˜]. (2.12)
The gauge-fixing and ghost parts of the Lagrangian density are anit-BRST exact also
and can also be described in terms of anti-BRST variation of some another gauge-fixing
fermion. Here, we would like to state that the VSR gauge fields are massive with a common
mass, however, in nature gauge fields may have different masses due to the spontaneous
symmetry breaking in VSR with non-Abelian gauge symmetry Ref. [18]. In such a way,
the fields can have the usual mass due to spontaneous symmetry breaking in addition to a
flavor-dependent VSR mass.
2.1 VSR modified extended BRST invariant BV action
Now, there exists an interesting question that if the gauge field in VSR is being displaced
as Aµ → Aµ− A¯µ: does the gauge symmetry still remain and moreover, how does this shift
symmetry affect the underlying BRST structure. In this context, we shift all the fields
(within VSR framework) from their original value as follows
Aµ −→ Aµ − A¯µ, C −→ C − C¯, C˜ −→ C˜ −
¯˜
C, B −→ B − B¯. (2.13)
Under these shifts, the Lagrangian density (2.7) in VSR is modified by
L¯ = L(Aµ − A¯µ, C − C¯, C˜ −
¯˜
C,B − B¯). (2.14)
This shifted version of Lagrangian density remains invariant under the BRST transforma-
tion (2.9) with respect to the shifted fieldsAµ−A¯µ, C−C¯, C˜−
¯˜
C,B−B¯. In addition, this La-
grangian density is also invariant under the (local) shift symmetry sbφ = R(x), sbφ¯ = R(x),
where collective fields φ and φ¯ are (Aµ, C, C˜, B) and (A¯µ, C¯,
¯˜
C, B¯), respectively. R(x) is
the generic notation for the Slavnov variations of fields φ and φ¯. This deserves further
being gauge fixed and, in turn, leads to an additional BRST symmetry. The BRST sym-
metry together with the shift symmetry is known as the extended BRST symmetry. This
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extended BRST symmetry transformations corresponding to Lagrangian density (2.14) in
VSR read
sbAµ = ψµ, sbA¯µ = ψµ −D
(A−A¯)
µ (C − C¯),
sbC = ǫ, sbC¯ = ǫ− i(C − C¯)
2, sbC˜ = ǫ˜,
sb
¯˜
C = ǫ˜− i(B − B¯), sbB = ρ, sbB¯ = ρ, (2.15)
where
D(A−A¯)µ (C − C¯) = ∂µ(C − C¯)−
m2
n · ∂
nµ(C − C¯)
− i[A− A¯, C − C¯] + i
m2
2
[
C − C¯,
n · (A− A¯)
(n · ∂)2
]
+ i
m2
2
nµ
(
1
(n · ∂)2
n · [A− A¯, C − C¯]
)
. (2.16)
Here, extra fields ψµ, ǫ, ǫ˜ and ρ denote the ghost fields related to shift symmetry for Aµ, C, C˜
and B, respectively. Due to nilpotency property of extended BRST symmetry (2.15), it
is evident that the variation of these ghost fields ψµ, ǫ, ǫ˜ and ρ under extended BRST
transformation vanishes. Now, in order to make theory unchanged, we need to remove the
contribution of these ghosts from the physical states. Thus, we introduce the antifields
(anti-ghosts) A⋆µ, C
⋆, C˜⋆ and B⋆ corresponding to each ghost field which compensates the
net contribution of these ghosts. The BRST variation of these antifields are defined by
sbA
⋆
µ = −ζµ, sbC
⋆ = −σ, sbC˜
⋆ = −σ˜, sbB
⋆ = −υ˜, (2.17)
where ζµ, σ, σ˜ and υ˜ are auxiliary fields corresponding to shifted fields A¯µ, C¯,
¯˜
C and B¯ and
do not change under BRST transformation.
In order to fix the gauge for shift symmetry, we add following gauge fixing term to the
VSR quantum action (2.7) (and we call the resulting Lagrangian density as BV action):
L¯gf = Tr
[
−ζµA¯µ −A
µ⋆
[
ψµ −D
(A−A¯)
µ (C − C¯)
]
+ σ ¯˜C − C⋆[ǫ˜− i(B − B¯)]
− σ˜C¯ + C˜⋆
[
ǫ− i(C − C¯)2
]
+ υ˜B¯ +B⋆ρ
]
. (2.18)
In this way, all the tilde fields will vanish and we then recover our original theory. We note
that this gauge-fixed Lagrangian density, L¯gf , is also invariant under the extended BRST
symmetry transformations (2.15).
Now, by integrating out the auxiliary fields ζµ, σ, σ˜ and υ˜, this reads
L¯gf = Tr
[
−A⋆µ(ψ
µ −DµC)− C⋆(ǫ˜a − iB) + C˜⋆
(
ǫ− iC2
)
+B⋆ρ
]
. (2.19)
Since the gauge-fixed Lagrangian density (2.6) is BRST-exact, therefore one can express
in terms of a general gauge-fixing fermion Ψ(Aµ, C˜, C,B) as
Lgf = sbΨ = −
δΨ
δAµ
ψµ +
δΨ
δC
ǫ+
δΨ
δC˜
ǫ˜−
δΨ
δB
ρ, (2.20)
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In the last term, the BRST transformations (2.15) are utilized. Now, we utilize the equa-
tions of motion for the auxiliary fields which set all the fluctuated fields to zero. Thus, we
left with the following BV action:
Leff = L0 + Lgf + L¯gf ,
= L+Tr
[(
−A⋆µ −
δΨ
δAµ
)
ψµ +
(
C˜⋆ +
δΨ
δC
)
ǫ−
(
C⋆ −
δΨ
δC˜
)
ǫ˜
+
(
B⋆ −
δΨ
δB
)
ρ+A⋆µDµC + iC
⋆B − iC˜⋆C2
]
. (2.21)
In order to get identifications of the antifields in VSR, it is sufficient to integrate out the
ghost fields associated with the shift symmetry
A⋆µ = −
δΨ
δAµ
, C˜⋆ = −
δΨ
δC
, C⋆ =
δΨ
δC˜
, B⋆ =
δΨ
δB
. (2.22)
However, for the VSR modified gauge-fixing fermion given in (2.11), we determine the
anti-ghost fields as following:
A¯a⋆µ = −i∂µC˜ +
i
2
m2
n · ∂
nµC˜, C˜
a⋆ = 0, C¯a⋆ = −i∂µA
aµ +
i
2
m2
n · ∂
nµA
aµ,
Ba⋆ = 0. (2.23)
Here, we observe that, analogous to Lorentz invariant case, antifields get identification
naturally. This clarifies the geometric interpretation of the antifields on the line of Maurer-
Cartan 1-forms. Plugging these anti-ghost fields in (2.21), we can recover the original
Lagrangian density of YM theory in VSR.
2.2 VSR modified extended BRST invariant superspace formulation
We know that superspace formulations for gauge theories can be built up in such a manner
that the BRST transformations are realized as translations along the Grassmannian coordi-
nate [46]. In order to describe the VSR modified BRST invariant BV action in superspace,
we need an extra (Grassmannian) coordinate θ together with xµ. Superspace formulations
for the VSR modified BRST transformation are obtained by associating with each field a
superfield of the form
Aµ(x, θ) = Aµ(x) + θDµC,
C(x, θ) = C(x) + iθC2,
C˜(x, θ) = C˜(x) + iθB. (2.24)
The shifted superfields in VSR will be consistent only if these can be written by
Aµ(x, θ) = Aµ(x, θ)− A¯µ(x, θ) = (Aµ − A¯µ) + θD
(A−A¯)
µ (C − C¯),
C(x, θ) = C(x, θ)− C¯(x, θ) = (C − C¯) + iθ(C − C¯)2,
C˜(x, θ) = C˜(x, θ)− ¯˜C(x, θ) = C˜(x)− ¯˜C(x) + iθ(B − B˜). (2.25)
– 8 –
From the above one can see the arbitrariness in the extended BRST symmetries. Therefore,
one can not determine the individual superfields uniquely. So, to be consistent with the
above analysis, we can define the original superfields and shift superfields with the help of
extended BRST transformation as follows,
Aµ(x, θ) = Aµ + θψµ, A¯µ(x, θ) = A¯µ + θ(ψµ −D
(A−A¯)
µ (C − C¯)),
C(x, θ) = C + θǫ, C¯(x, θ) = C¯ + θ
(
ǫ− i(C − C¯)2
)
,
C˜(x, θ) = C˜ + θǫ¯, ¯˜C(x, θ) = ¯˜C − θ(ǫ˜− iB + iB˜),
B(x, θ) = B + θρ. (2.26)
Exploiting BRST transformations (2.17), we introduce the super antifields with one grass-
mannian coordinate in VSR as
A¯⋆µ(x, θ) = A
⋆
µ − θζµ,
C¯⋆(x, θ) = C⋆ − θσ,
¯˜
C⋆(x, θ) = C˜⋆ − θσ˜,
B⋆(x, θ) = B⋆ − θv˜. (2.27)
We find that the appropriate combinations of superfields of (2.26) and (2.27), leads to the
gauge-fixed Lagrangian density corresponding to shift symmetry in VSR (2.18) as following:
L¯gf = Tr
[
∂
∂θ
(
A¯⋆µA
µ +
¯˜
C⋆C¯− ¯˜CC¯⋆ −B⋆B
)]
. (2.28)
The VSR modified gauge-fixed fermion (2.11) in extended BRST superspace formulation
can be written as
Ω(x, θ) = −iC˜
(
∂µ −
1
2
m2
n · ∂
nµ
)
Aµ + iθ
[
C˜
(
∂µ −
1
2
m2
n · ∂
nµ
)
ψµa
− ǫ˜
(
∂µ −
1
2
m2
n · ∂
nµ
)
Aµ
]
. (2.29)
Here, it is evident that θ component of the above expression gives the gauge fixing La-
grangian density corresponding to the original BRST symmetry (2.6), i.e.,
Lgf = Tr
[
∂
∂θ
Ω(x, θ)
]
, (2.30)
Being the θ component of a super gauge-fixed fermion, it is obvious that Lgf is invariant
under the extended BRST transformations.
2.3 VSR modified extended anti-BRST symmetry
In this subsection, we construct the VSR-modified extended anti-BRST transformation.
The importance of anti-BRST transformation lies in the fact that, while the anti-BRST
invariance does not lead to any additional information in comparison to BRST invariance,
– 9 –
it is extremely important in order to put the theory in geometrical setting. The extended
anti-BRST transformations which leaves the BV action invariant are,
sabAµ = A
⋆
µ +D
(A−A¯)
µ (C˜ −
¯˜
C), sabA¯µ = A
⋆
µ,
sabC˜ = C˜
⋆ + i(C˜ − ¯˜C)2, sab
¯˜
C = C˜⋆,
sabC = C
⋆ − iB + iB¯ + i(C − C¯)(C˜ − ¯˜C), sabC¯ = C
⋆,
sabB = B
⋆ − i[(B − B¯), C˜ − ¯˜C], sabB¯ = B
⋆,
sabψµ = ζµ +D
(A−A¯)
µ (B − B¯)− [D
(A−A¯)
µ (C − C¯)](C˜ −
¯˜
C),
sabǫ = σ − [B − B¯, C − C¯] + (C˜ −
¯˜
C)(C − C¯)2,
sabǫ˜ = σ˜ − [B − B¯, C˜ −
¯˜
C], sabρ = v˜. (2.31)
Rest fields, whose anti-BRST transformations are not written here do not change under
the extended anti-BRST transformation. To describe the superspace formulation of Yang-
Mills theory in VSR having both the extended BRST and extended anti-BRST invariance,
we need two additional Grassmannian coordinates θ, θ¯. Now, it is straightforward to write
the superfields in this formulation where the BRST and anti-BRST transformations merely
correspond to translations in the θ and θ¯ coordinates respectively. Thus, we see that the
results of superspace description of Lorentz invariant 1-form theory [42] also hold in the
case of Lorentz breaking theory.
3 2-form gauge theory: VSR modified BV action in superspace
The study of Abelian 2-form gauge theory is important because it plays a crucial role in
studying the theory for classical strings [25], vortex motion in an irrotational, incompress-
ible fluid [26, 27] and the dual formulation of the Abelian Higgs model [28]. In this section,
we discuss the VSR modified extended BRST and extended anti-BRST transformations
(which include a shift symmetry) for the BV action of 2-form gauge theory. We further
demonstrate a superspace description for the 2-form gauge theory having extended BRST
invariance and extended anti-BRST invariance. To do so, we start with the classical La-
grangian density for Abelian rank-2 antisymmetric tensor field (Bµν) theory in VSR as
[7, 8]
L0 =
1
12
F˜µνρF˜
µνρ, (3.1)
where F˜µνρ is the VSR-modified field-strength tensor defined as F˜µνρ ≡ ∂µBνρ + ∂νBρµ +
∂ρBµν−
1
2
m2
n·∂
nµBνρ−
1
2
m2
n·∂
nνBρµ−
1
2
m2
n·∂
nρBµν . Here nµ is a fixed null vector and transforms
multiplicatively, as before, under a VSR transformation to ensure the invariance of non-
local terms.
This field-strength tensor and, consequently, Lagrangian density is not invariant un-
der the Lorentz invariant gauge transformation δBµν = ∂µζν − ∂νζµ, where ζµ(x) is an
arbitrary vector field. Rather, this is invariant under the following VSR-modified gauge
transformation
δBµν = ∂µζν − ∂νζµ −
1
2
m2
n · ∂
nµζν +
1
2
m2
n · ∂
nνζµ. (3.2)
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Since the Lagrangian density is invariant under above non-local transformation, hence, to
quantize this theory following BRST technique, it is necessary to introduce two anticom-
muting vector fields ρµ and ρ˜µ, a commuting vector field βµ, two anticommuting scalar
fields χ and χ˜, and the commuting scalar fields σ, ϕ and σ˜ [31]. Involving all these fields,
the gauge breaking term together with the ghosts is given as [7]
Lgf = iρ˜ν
(
∂µ∂
µρν − ∂µ∂
νρµ −m2ρν +
1
2
m2
n · ∂
nν∂ · ρ+
1
2
m2
n · ∂
∂νn · ρ−
1
4
m4
(n · ∂)2
nνn · ρ
)
− σ˜(∂µ∂
µ −m2)σ + βν∂µB
µν −
1
2
m2βν
1
n · ∂
nµB
µν + λ1βνβ
ν
− βν∂
νϕ− iχ˜∂µρ
µ +
i
2
m2χ˜
1
n · ∂
nµρ
µ − iλ2χ˜χ− iρ˜
µ∂µχ−
i
2
m2
n · ∂
ρ˜µnµχ, (3.3)
k1 and k2 are arbitrary gauge parameters. The ghost and ghost of ghost propagators in
momentum space are given, respectively, by [8]
Dghµν(k) = −
1
k2 +m2
[
gµν +
kµkν
m2
]
,
Dggh(p) = −
1
p2 +m2
. (3.4)
These expressions suggest that ghost and ghost of ghost have same mass m. Also, these
propagators follow a large momentum behavior similar to the Lorentz-invariant case. There-
fore, the 2-form theory in VSR is a renormalizable theory.
By incorporating the gauge breaking term (3.3), the Lagrangian density in VSR reads
effectively
L = L0 + Lgf , (3.5)
which is invariant under the following nilpotent BRST transformation:
sbBµν = (∂µρν − ∂νρµ −
1
2
m2
n · ∂
nµρν +
1
2
m2
n · ∂
nνρµ),
sbρµ = −i∂µσ +
i
2
m2
n · ∂
nµσ, sbσ = 0, sbρ˜µ = iβµ,
sbβµ = 0, sbσ˜ = −χ˜, sbχ˜ = 0, sbϕ = χ, sbχ = 0. (3.6)
Since the gauge-fixing and ghost part of the effective Lagrangian density is BRST-exact
and therefore can be expressed in terms of BRST variation of some gauge-fixed fermion Ψ.
Therefore,
Lgf = sbΨ, (3.7)
where Ψ has the following form:
Ψ = −i
[
ρ˜ν∂µB
µν + σ˜∂µρ
µ + ϕ∂µρ˜
µ − ρ˜νk1β
ν − ϕk2χ˜−
ρ˜ν
2
m2
n · ∂
nµB
µν
−
σ˜
2
m2
n · ∂
nµρ
µ −
ϕ
2
m2
n · ∂
nµρ˜
µ
]
. (3.8)
This gauge-fixed fermion is very important to identify the antifields of BV action.
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3.1 VSR modified extended BRST invariant BV action
The extended BRST and extended anti-BRST invariant formulations of the Lorentz in-
variant BV action lead to the proper identification of the antifields through equations
of motion of auxiliary field variables [41, 42, 44]. The study of extended (including
shift) symmetries introduced through collective fields is important because it ensure that
Schwinger-Dyson equations at the level of the BRST algebra can be performed within
the Feynman path integral [38]. In this subsection, we study the VSR modified extended
BRST invariant BV action. To do so, we first deviate all the fields from their original
values. This enlarges in a trivial way the symmetry content of the theory, adding extra
shift symmetries. To study the extended BRST structure of the Abelian rank-2 tensor
field theory in VSR, we shift all the fields of theory from their original values as follows
Bµν − B¯µν , ρµ − ρ¯µ, ρ˜µ − ¯˜ρµ, σµ − σ¯µ, σ˜µ − ¯˜σµ, βµ − β¯µ, χ − χ¯, χ˜ − ¯˜χ,ϕ − ϕ¯. This leads to
the following shifted Lagrangian density:
L¯ = L0(Bµν − B¯µν) + Lgf (Bµν − B¯µν ,Ξ − Ξ¯), (3.9)
where Ξ− Ξ¯ = ρµ − ρ¯µ, ρ˜µ − ¯˜ρµ, σµ − σ¯µ, σ˜µ − ¯˜σµ, βµ − β¯µ, χ− χ¯, χ˜− ¯˜χ,ϕ− ϕ¯.
The explicit form of Lgf (Bµν − B¯µν ,Ξ− Ξ¯) is given by
Lgf = −i
[
∂µρ˜ν∂
µρν +m2ρ˜νρ
ν − ∂µρ˜ν∂
µρ¯ν −m2ρ˜ν ρ¯
ν − ∂µρ˜ν∂
νρµ +
1
2
∂µρ˜ν
m2
n · ∂
nνρµ
+ ∂νρµ
1
2
m2
n · ∂
nµρ˜ν −
1
4
(
m2
n · ∂
)2
nµρ˜νn
νρµ + ∂µρ˜ν∂
ν ρ¯µ −
1
2
∂µρ˜ν
m2
n · ∂
nν ρ¯µ
−
1
2
∂ν ρ¯µ
m2
n · ∂
nµρ˜ν +
1
4
(
m2
n · ∂
)2
nµρ˜νn
ν ρ¯µ − ∂µ ¯˜ρµ∂
µρν −m2 ¯˜ρνρ
ν + ∂µ ¯˜ρν∂
µρ¯ν
+ m2 ¯˜ρν ρ¯
ν + ∂µ ¯˜ρν∂
νρµ −
1
2
∂µ ¯˜ρµ
m2
n · ∂
nν ρ˜µ −
1
2
∂νρµ
m2
n · ∂
nµ ¯˜ρ
ν +
1
4
(
m2
n · ∂
)2
nµ ¯˜ρνn
νρµ
− ∂µ ¯˜ρν∂
ν ρ¯µ +
1
2
∂µ ¯˜ρν
m2
n · ∂
nν ρ¯µ +
1
2
∂ν ρ¯µ
m2
n · ∂
nµ ¯˜ρµ −
1
4
(
m2
n · ∂
)2
nµ ¯˜ρνn
ν ρ¯µ + ∂µσ˜∂
µσ
− ∂µσ˜∂
µσ¯ − ∂µ ¯˜σ∂
µσ + ∂µ ¯˜σ∂
µσ¯ +m2σ˜σ −m2σ˜σ¯ −m2 ¯˜σσ +m2 ¯˜σσ¯
+ βν∂µB
µν − βν∂µB¯
µν + βν∂
νϕ¯− β¯ν∂µB
µν − β¯ν∂µB¯
µν + β¯ν∂
νϕ+ β¯∂ν ϕ¯− βν∂
νϕ
−
1
2
βν
m2
n · ∂
nµB
µν +
1
2
βν
m2
n · ∂
nµB¯
µν −
βν
2
m2
n · ∂
nνϕ¯+
β¯ν
2
m2
n · ∂
nµB
µν +
β¯ν
2
m2
n · ∂
nµB¯µν
−
βν
2
m2
n · ∂
nνϕ−
β¯ν
2
m2
n · ∂
nνϕ+
β¯ν
2
m2
n · ∂
nνϕ¯+ k1βνβ
ν − k1βν β¯
ν − k1β¯νβ
ν + k1β¯ν β¯
ν
− i
(
χ˜∂µρ
µ − χ˜∂µρ¯
µ − ¯˜χ∂µρ
µ + ¯˜χ∂µρ¯
µ −
χ¯
2
m2
n · ∂
n · ρ+
χ¯
2
m2
n · ∂
n · ρ¯+
χ¯
2
m2
n · ∂
n · ρ
−
χ¯
2
m2
n · ∂
n · ρ¯
)
− i
(
χ∂µρ˜
µ − χ∂µ ¯˜ρ
µ − χ¯∂µρ˜
µ + χ¯∂µ ¯˜ρ
µ −
χ
2
m2
n · ∂
n · ρ˜+
χ
2
m2
n · ∂
n · ¯˜ρ
+
χ¯
2
m2
n · ∂
n · ρ˜−
χ
2
m2
n · ∂
n · ¯˜ρ
)
− k2χχ˜+ k2χ ¯˜χ+ k2χ¯χ˜− k2χ¯ ¯˜χ
]
. (3.10)
This Lagrangian density coincides with Lgf of (3.3) when bar fields vanish. It is evident
that this Lagrangian density is invariant under the BRST transformation (3.6) for the
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shifted fields. In addition, there exists the following shift symmetry also:
sbΦ(x) = α(x), sbΦ¯(x) = α(x), (3.11)
which leaves this Lagrangian density invariant. Here Φ and Φ¯ are generic notation for
all fields and shifted fields respectively. The form the extended BRST symmetry. The
extended BRST transformation, which is comprised by the BRST symmetry along with
the above shift symmetry, is then given by
sbΦ(x) = α(x), sbΦ¯(x) = α(x)− β(x), (3.12)
where β(x) refers the original BRST transformation collectively, whereas α(x) refers the
shift transformation collectively. In order to quantize theory collectively, we need to fix the
gauge for all the local symmetry. Therefore, corresponding to this local shift symmetry,
one needs the theory to be gauge-fixed and this leads to an additional BRST symmetry
[42]. The extended BRST symmetry transformation for all the fields are given by
sbBµν = ψµν , sbB¯µν = ψµν − (∂µρν − ∂µρ¯ν − ∂νρµ + ∂ν ρ¯µ (3.13)
−
1
2
m2
n · ∂
nµρν +
1
2
m2
n · ∂
nµρ¯ν +
1
2
m2
n · ∂
nµρ¯µ −
1
2
m2
n · ∂
nµρ¯µ),
sbρ¯µ = ǫµ + i∂µσ − i∂µσ¯ +
i
2
m2
n · ∂
nµσ +
i
2
m2
n · ∂
nµσ¯,
sbρ˜µ = ξµ, sb ¯˜ρµ = ξµ − iβµ + iβ¯µ, sbσ¯ = ε,
sbσ = ε, sbβµ = ηµ, sbβ¯µ = ηµ, sbσ˜ = ψ, sbχ˜ = η,
sb ¯˜σ = ψ + χ˜− ¯˜χ, sb ¯˜χ = η, sbϕ¯ = φ− χ+ χ¯, sbχ = Σ,
sbϕ = φ, sbχ¯ = Σ, sbξi = 0, ξi ≡ [ψµν , ǫµ, ξµ, ε, ηµ, ψ, η, φ,Σ]. (3.14)
The fields ψ˜µν , ǫµ, ξµ, ε, ηµ, ψ, η, φ and Σ are introduced as ghost fields associated
with the shift symmetry corresponding to the fields Bµν , ρµ, ρ˜µ, σ, βµ, σ˜, χ˜, ϕ and χ
respectively. Further, we add following antighost fields B⋆µν , ρ
⋆
µ, ρ˜
⋆
µ, σ
⋆, σ˜⋆, β⋆µ, χ
⋆, χ˜⋆ and
ϕ⋆ corresponding to the fields Bµν , ρµ, ρ˜µ, σ, βµ, σ˜, χ˜, ϕ and χ respectively with opposite
statistics. These antighost fields transform under BRST transformations as following:
sbB
⋆
µν = Lµν , sbρ
⋆
µ =Mµ, sbρ˜
⋆
µ = M¯µ, sbσ
⋆ = N,
sbσ˜
⋆ = N¯ , sbβ
⋆
µ = Sµ, sbχ
⋆ = O, sbχ˜
⋆ = O¯, sbϕ
⋆ = T, (3.15)
where Lµν ,Mµ, M¯µ, N, N¯ , Sµ, O, O¯, T are the Nakanishi-Lautrup type auxiliary fields and
do not change under BRST transformation which ensure the nilpotency of BRST symmetry.
Now, we fix the gauge for shift symmetry in VSR by choosing the following gauge-fixed
Lagrangian density:
L¯gf = LµνB¯
µν −B⋆µν(ψ
µν − ∂µρν + ∂µρ¯ν + ∂νρµ − ∂ν ρ¯µ +
1
2
m2
n · ∂
nµρν −
1
2
m2
n · ∂
nµρ¯ν
−
1
2
m2
n · ∂
nνρµ +
1
2
m2
n · ∂
nν ρ¯µ) + M¯µρ¯
µ + ρ˜⋆µ(ǫ
µ + i∂µσ − i∂µσ¯ − i
1
2
m2
n · ∂
nµσ
+ i
1
2
m2
n · ∂
nµσ¯) +Mµ ¯˜ρ
µ + ρ⋆µ(ξ
µ − iβµ + iβ¯µ) +Nσ¯ − σ⋆ε+ N¯ ¯˜σ − σ˜⋆(ψ − χ˜+ ¯˜χ)
+ O¯χ¯+ χ˜⋆Σ+O ¯˜χ+ χ⋆η + T ϕ¯− ϕ⋆(φ− χ+ χ¯) + Sµβ¯
µ − β⋆µη
µ, (3.16)
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which sets all the bar fields to zero and thus we recover the original theory. This gauge-
fixing term is also invariant under the extended BRST symmetry transformations given in
Eqs. (3.14) and (3.15). The gauge-fixed extended Lagrangian density, L¯gf , after exploiting
the equations of motion of auxiliary fields has the following form:
L¯gf = −B
⋆
µν(ψ
µν − ∂µρν + ∂νρµ +
1
2
m2
n · ∂
nµρν −
1
2
m2
n · ∂
nνρµ) + ρ˜⋆µ(ǫ
µ + i∂µσ
−
i
2
m2
n · ∂
nµσ) + ρ⋆µ(ξ
µ − iβµ)− σ⋆ǫ− σ˜⋆(ψ − χ˜) + χ˜⋆Σ+ χ⋆η − ϕ⋆(φ− χ)
− β⋆µη
µ. (3.17)
As the gauge-fixed fermion Ψ for Abelian rank-2 antisymmetric tensor field in VSR depends
only on the original fields, then the most general gauge-fixed Lagrangian density is given
by
Lgf = sbΨ = ψµν
δΨ
δBµν
+ ǫµ
δΨ
δρµ
+ ξµ
δΨ
δρ˜µ
+ ε
δΨ
δσ
+ ψ
δΨ
δσ˜
+ ηµ
δΨ
δβµ
+Σ
δΨ
δχ
+ η
δΨ
δχ˜
+ φ
δΨ
δϕ
. (3.18)
Utilizing the fermionic and bosonic behavior of fields, this can further be written as
Lgf = −
δΨ
δBµν
ψµν +
δΨ
δρµ
ǫµ +
δΨ
δρ˜µ
ξµ −
δΨ
δσ
ε
−
δΨ
δσ˜
ψ −
δΨ
δβµ
ηµ +
δΨ
δχ
Σ+
δΨ
δχ˜
η −
δΨ
δϕ
φ. (3.19)
Now, we are able to write the effective Lagrangian density in VSR, Leff = L0+Lgf + L¯gf ,
as follows
Leff =
1
12
F˜µνρF˜
µνρ +B⋆µν
(
∂µρν − ∂νρµ −
1
2
m2
n · ∂
nµρν +
1
2
m2
n · ∂
nνρµ
)
+ iρ˜⋆µ
(
∂µσ −
1
2
m2
n · ∂
nµσ
)
− iρ⋆µβ
µ + σ˜⋆χ˜+ ϕ⋆χ−
(
B⋆µν +
δΨ
δBµν
)
ψµν
+
(
ρ⋆µ +
δΨ
δρ˜µ
)
ξµ +
(
ρ˜⋆µ +
δΨ
δρµ
)
ǫµ −
(
σ⋆ +
δΨ
δσ
)
ε−
(
σ˜⋆ +
δΨ
δσ˜
)
ψ
+
(
χ˜⋆ +
δΨ
δχ
)
Σ+
(
χ⋆ +
δΨ
δχ˜
)
η −
(
ϕ⋆ +
δΨ
δϕ
)
φ−
(
β⋆µ +
δΨ
δβµ
)
ηµ, (3.20)
here expressions (3.1), (3.17) and (3.19) are utilized. Exploiting the equations of motion
of ghost fields associated with the shift symmetry, we get the following identifications of
antighost fields:
B⋆µν = −
δΨ
δBµν
, ρ˜⋆µ = −
δΨ
δρµ
, ρ⋆µ = −
δΨ
δρ˜µ
,
σ⋆ = −
δΨ
δσ
, σ˜⋆ = −
δΨ
δσ˜
, χ˜⋆ = −
δΨ
δχ
,
χ⋆ = −
δΨ
δχ˜
, β⋆µ = −
δΨ
δβµ
, ϕ⋆ = −
δΨ
δϕ
. (3.21)
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With a particular expression of gauge-fixed fermion Ψ as given in (3.8), these leads to
B⋆µν = −i
(
∂µ −
1
2
m2
n · ∂
nµ
)
ρ˜ν , ρ˜
⋆
µ = −i
(
∂µ −
1
2
m2
n · ∂
nµ
)
σ˜, (3.22)
ρ⋆µ = i
(
∂νBνµ −
1
2
m2
n · ∂
nνBνµ − k1βµ
)
, σ⋆ = 0,
σ˜⋆ = i
(
∂µ −
1
2
m2
n · ∂
nµ
)
ρµ, χ˜⋆ = 0, χ⋆ = −ik2ϕ,
β⋆µ = ik1ρ˜µ, ϕ˜
⋆ = i
(
∂µρ˜
µ −
1
2
m2
n · ∂
nµρ˜
µ − k2χ˜
)
. (3.23)
Here we see that these antighost fields coincide with the antifields of the theory. We note
that these antifields are nonlocal which describe the features of VSR. Thus, analogous to
Lorentz invariant theory, the antifields are obtained naturally in VSR also. One can see
that these identifications lead the effective Lagrangian density to their original form as
given in Eq. (3.5). Now, we can describe the gauge-fixing part of the effective Lagrangian
density in terms of the BRST variation of a generalized gauge-fixed fermion as follows
Leff = L0(Bµν − B¯µν) + sb
(
B⋆µνB¯
µν + ρ⋆µ ¯˜ρ
µ + ρ˜⋆µρ¯
µ + σ⋆σ¯ + σ˜⋆ ¯˜σ + β⋆µβ¯
µ
+ χ⋆ ¯˜χ+ χ˜⋆χ¯+ ϕ⋆ϕ¯) ,
≡ L0(Bµν − B¯µν) + sbΦ
⋆Φ¯. (3.24)
Here Φ⋆ and Φ¯ are the generic notation for antifields and (corresponding) shifted fields,
respectively. The ghost number of Φ⋆Φ¯ is −1. We thus recover the BV action for Abelian
2-form gauge theory in VSR with the identification of antifields.
3.2 VSR modified extended BRST invariant superspace formulation
In this section we discuss a superspace formalism of the VSR modified 2-form theory having
extended BRST invariance. In this regard, we extend the space to a superspace (xµ, θ) by
introducing a fermionic coordinate θ. In this superspace, the “superconnection” 2-form is
defined by
ω(2) =
1
2!
Bµν(x, θ)(dx
µ ∧ dxν) +Mµ(x, θ)(dx
µ ∧ dθ) +N (x, θ)(dθ ∧ dθ), (3.25)
where d = dxµ
(
∂µ −
i
2
m2
n·∂
nµ
)
+ dθ
(
∂θ −
i
2
m2
n·∂
nθ
)
is the exterior derivative. By requiring
the field strength, F (3) = dω(2), to vanish along the θ direction, we get the following form
of the component of the superfields in VSR
Bµν(x, θ) = Bµν(x) + θ(sbBµν),
Mµ(x, θ) = ρµ(x) + θ(sbρµ),
N (x, θ) = σ(x) + θ(sbσ). (3.26)
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In the similar fashion, we are able to write all the fields involved in extended BV action in
superspace as
Bµν(x, θ) = Bµν(x) + θψµν , Mµ(x, θ) = ρµ(x) + θǫµ,
B¯µν(x, θ) = B¯µν(x) + θ(ψµν − ∂µρν + ∂µρ¯ν + ∂νρµ − ∂ν ρ¯µ +
1
2
m2
n · ∂
nµρν
−
1
2
m2
n · ∂
nµρ¯ν −
1
2
m2
n · ∂
nνρµ +
1
2
m2
n · ∂
nν ρ¯µ),
M¯µ(x, θ) = ρ¯µ(x) + θ(ǫµ − i∂µσ + i∂µσ¯ +
i
2
m2
n · ∂
nµσ −
i
2
m2
n · ∂
nµσ¯),
N (x, θ) = σ(x) + θε, N¯ (x, θ) = σ¯(x) + θε,
M˜µ(x, θ) = ρ˜µ(x) + θξµ,
¯˜Mµ(x, θ) = ¯˜ρµ(x) + θ(ξµ − iβµ + iβ¯µ),
Sµ(x, θ) = βµ(x) + θηµ, S¯µ(x, θ) = β¯µ(x) + θηµ,
N˜ (x, θ) = σ˜(x) + θψ, ¯˜N (x, θ) = ¯˜σ(x) + θ(ψ − χ˜+ ¯˜ψ),
O(x, θ) = χ(x) + θΣ, O¯(x, θ) = χ¯(x) + θΣ,
O˜(x, θ) = χ˜(x) + θη, ¯˜O(x, θ) = ¯˜χ(x) + θη,
T (x, θ) = ϕ(x) + θφ, T¯ (x, θ) = ϕ¯(x) + θ(φ− χ+ χ¯). (3.27)
The components of antifields of the theory in superspace is written by
B¯⋆µν = B
⋆
µν + θLµν , M¯µ
⋆
= ρ⋆µ + θMµ,
¯˜M⋆µ = ρ˜
⋆
µ + θM¯µ,
S¯µ
⋆
= β⋆µ + θSµ, N¯
⋆ = σ⋆ + θN, ¯˜N ⋆ = σ˜⋆ + θN¯ ,
O¯⋆ = χ⋆ + θO, T¯ ⋆ = ϕ⋆ + θT, ¯˜O⋆ = χ˜⋆ + θO¯. (3.28)
Exploiting expressions (3.27) and (3.28), we derive
δ
δθ
B¯⋆µν B¯
µν = LµνB¯
µν −B⋆µν
(
ψµν − ∂µρν + ∂µρ¯ν + ∂νρµ − ∂ν ρ¯µ +
1
2
m2
n · ∂
nµρν
−
1
2
m2
n · ∂
nµρ¯ν −
1
2
m2
n · ∂
nνρµ +
1
2
m2
n · ∂
nν ρ¯µ
)
,
δ
δθ
¯˜M⋆µM¯
µ = M¯µρ¯
µ + ρ˜⋆µ
(
ǫµ + i∂µσ − i∂µσ¯ −
i
2
m2
n · ∂
nµσ +
i
2
m2
n · ∂
nµσ¯
)
,
δ
δθ
¯˜MµM¯
µ⋆ = Mµ ¯˜ρ
µ + ρ⋆µ(ξ
µ − iβµ + iβ¯µ),
δ
δθ
N¯ ⋆N¯ = Nσ¯ − σ⋆ε,
δ
δθ
¯˜N ⋆ ¯˜N = N¯ ¯˜σ − σ˜⋆(ψ − χ˜+ ¯˜χ),
δ
δθ
¯˜O⋆O¯ = O¯χ¯+ χ˜⋆Σ,
δ
δθ
¯˜OO¯⋆ = O ¯˜χ+ χ⋆η,
δ
δθ
T¯ ⋆T¯ = T ϕ¯− ϕ⋆(φ− χ+ χ¯),
δ
δθ
S¯⋆µS¯
µ = Sµβ¯
µ − β⋆µη
µ. (3.29)
Here, we note that the RHS of the sum of above expressions coincides with the gauge-fixed
Lagrangian density corresponding to the shift symmetry (3.16). Thus, the gauge-fixed
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Lagrangian density in superspace can be written as
L¯gf =
δ
δθ
[
B¯⋆µνB¯
µν + ¯˜M⋆µM¯
µ + ¯˜MµM¯
µ⋆ + N¯ ⋆N¯ + ¯˜N ⋆ ¯˜N + ¯˜O⋆O¯ + ¯˜OO¯⋆
+ T¯ ⋆T¯ + S¯⋆µS¯
µ
]
. (3.30)
Similar to the Lorentz invariant theory, the invariance of L¯gf under the extended BRST
transformation is evident from the above expression as it belongs to the θ component of
superfields. As the gauge-fixing fermion depends on the original fields, the component form
of fermionic superfield Γ(x, θ) in superspace is defined as
Γ(x, θ) = Ψ(x) + θ
[
−
δΨ
δBµν
ψµν +
δΨ
δρµ
ǫµ +
δΨ
δρ˜µ
ξµ −
δΨ
δσ
ε−
δΨ
δσ˜
ψ −
δΨ
δβµ
ηµ +
δΨ
δχ
Σ
+
δΨ
δχ˜
η −
δΨ
δϕ
φ
]
. (3.31)
From the above expression, the most general VSR-modified gauge-fixed Lagrangian density
Lgf can be described in the superspace by
Lgf =
δΓ(x, θ)
δθ
. (3.32)
Being the θ component of fermionic superfield, it is evident that Lgf is invariant under the
extended BRST transformation. Thus, the VSR-modified effective Lagrangian density in
this superspace formalism is identified as
Leff = L0(Bµν − B¯µν) +
δ
δθ
[
B¯⋆µν B¯
µν + ¯˜M
⋆
µM¯
µ + ¯˜MµM¯
µ⋆ + N¯ ⋆N¯ + ¯˜N
⋆ ¯˜N + ¯˜O
⋆
O¯
+ ¯˜OO¯⋆ + T¯ ⋆T¯ + S¯⋆µS¯
µ + Γ(x, θ)
]
. (3.33)
In VSR framework also, we observe that using equations of motion of auxiliary fields and
ghost fields of the shift symmetry, this effective Lagrangian density reduces to the original
BRST invariant Lagrangian density.
3.3 VSR modified extended anti-BRST invariant BV action
In this subsection, we discuss the VSR modified extended anti-BRST invariant BV action
for the Abelian rank-2 antisymmetric tensor field. First of all, let us write the VSR modified
anti-BRST symmetry transformation (sab), which leaves the Lagrangian density (3.5) for
the 2-form gauge theory invariant, as follows,
sabBµν = ∂µρ˜ν − ∂ν ρ˜µ −
1
2
m2
n · ∂
nµρ˜ν +
1
2
m2
n · ∂
nν ρ˜µ,
sabρ˜µ = −i
(
∂µ −
i
2
m2
n · ∂
nµ
)
σ˜, sabσ˜ = 0, sabρµ = −iβµ,
sabβµ = 0, sabσ = χ, sabχ = 0, sabϕ = −χ˜, sabχ˜ = 0. (3.34)
This VSR modified anti-BRST transformation is nilpotent and plays an important role
in defining physical unitarity. However, this transformation does not anticommute with
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the BRST transformation (3.6) in absolute fashion, i.e. {sb, sab} 6= 0 for some fields. One
should not bother for this in real sense as the absolutely anticommutativity can be achieved
on ground of Curci-Ferrari (CF) type restriction. This is emphasized in the next section
(in case of Abelian 3-form gauge theory) with more details.
The VSR modified gauge-fixed fermion corresponding to the anti-BRST transforma-
tion, Ψ¯, is defined by
Ψ¯ = i
[
ρν(∂µB
µν −
1
2
m2
n · ∂
nµB
µν + k1β
ν)− σ∂µρ˜
µ + σ
1
2
m2
n · ∂
nµρ˜
µ
+ ϕ(∂µρ
µ −
1
2
m2
n · ∂
nµρ
µ + k2χ)
]
. (3.35)
As the the gauge-fixing part of the Lagrangian density is anti-BRST exact and, thus, can
be written in terms of anti-BRST variation of Ψ¯ as following:
Lgf = sabΨ¯. (3.36)
To discuss the extended anti-BRST symmetry within VSR framework, we do follow the
same procedure as in the case of BRST transformation. Thus, here we demand that
extended anti-BRST operation on (Φ− Φ¯) should have same structure of the original anti-
BRST transformations with shifted fields. This requirement leads to the following VSR
modified extended anti-BRST transformations:
sabB¯µν = B
⋆
µν , sabBµν = B
⋆
µν + (∂µρ˜ν − ∂µ ¯˜ρν − ∂ν ρ˜µ + ∂ν ¯˜ρµ −
i
2
m2
n · ∂
nµρ˜ν
+
i
2
m2
n · ∂
nµ ¯˜ρν +
i
2
m2
n · ∂
nν ρ˜µ −
i
2
m2
n · ∂
nν ¯˜ρµ), sabρ¯µ = ρ
⋆
µ,
sab ¯˜ρµ = ρ˜
⋆
µ, sabρ˜µ = ρ˜
⋆
µ − i∂µσ˜ + i∂µ ¯˜σ +
i
2
m2
n · ∂
nµσ −
i
2
m2
n · ∂
nµ ¯˜σ,
sabρµ = ρ
⋆
µ − iβµ + iβ¯µ, sab ¯˜σ = σ˜
⋆, sabσ˜ = σ˜
⋆, sabβ¯µ = β
⋆
µ,
sabβµ = β
⋆
µ, sabσ¯ = σ
⋆, sabσ = σ
⋆ − χ+ χ¯, sabχ¯ = χ
⋆,
sabχ = χ
⋆, sabϕ¯ = ϕ
⋆, sabϕ = ϕ
⋆ − χ˜+ ¯˜χ, sab ¯˜χ = χ˜
⋆, sabχ˜ = χ˜
⋆. (3.37)
The antifields B⋆µν , ρ˜
⋆
µ, ρ
⋆
µ, σ˜
⋆, β⋆µ, ψ, σ
⋆, χ⋆, ϕ⋆ and χ˜⋆ do not vary under extended anti-
BRST transformations as the transformations are nilpotent in nature. Moreover, the ghost
fields of the shift symmetry transform under VSR modified extended anti-BRST transfor-
mations as follows,
sabψµν = Lµν , sabǫµ =Mµ, sabξµ = M¯µ, sabε = N,
sabψ = N¯ , sabηµ = Sµ, sabΣ = O, sabη = O¯, sabφ = T,
sabM¯µ = O, sabLµν = 0, sabMµ = 0, sabN = 0, sabN¯ = 0,
sabSµ = 0, sabO = 0, sabO¯ = 0, sabT¯ . (3.38)
The transformations (3.37) and (3.38) together leads to complete extended anti-BRST
transformations in VSR framework, which leave the shifted effective Lagrangian density
invariant. With the help of these set of extended anti-BRST transformation, it is straight-
forward to construct the superspace having extra fermion coordinate θ¯ along with xµ.
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3.4 VSR modified extended BRST and anti-BRST invariant superspace for-
mulation
In this subsection, we develop a superspace formulation for VSR modified 2-form gauge
theory which is manifestly invariant under the both extended BRST and extended anti-
BRST transformations. To define a superspace for such theory, we need two Grassmannian
coordinates, θ and θ¯, together with xµ. Therefore, the superfields here depend on super-
space (xµ, θ, θ¯). Within VSR framework, the “super connection” 2-form (ω
(2)) and the field
strength (F (3)), respectively, are
ω(2) =
1
2!
Bµν(x, θ, θ¯)(dx
µ ∧ dxν) +Mµ(x, θ, θ¯)(dx
µ ∧ dθ) +N (x, θ, θ¯)(dθ ∧ dθ)
+ M˜µ(x, θ¯, θ¯)(dx
µ ∧ dθ¯) + N˜ (x, θ¯, θ¯)(dθ¯ ∧ dθ¯) + T (x, θ¯, θ¯)(dθ ∧ dθ¯), (3.39)
F (3) = dω(2). (3.40)
Here, the exterior derivative d has the following form:
d = dxµ
(
∂µ −
1
2
m2
n · ∂
nµ
)
+ dθ
(
∂θ −
1
2
m2
n · ∂
nθ
)
+ dθ¯
(
∂θ¯ −
1
2
m2
n · ∂
nθ¯
)
. (3.41)
The components of the superfields can be computed by requiring the field strength to
vanish along the directions of θ and θ¯. The explicit expressions for these superfields are
calculated in (A.1).
Exploiting the expressions of superfields given in (A.1), we compute the following
expressions:
1
2
δ
δθ¯
δ
δθ
B¯µν B¯
µν = LµνB¯
µν −B⋆µν
(
ψµν∂µρν + ∂µρν + ∂νρµ − ∂ν ρ¯µ − ψµν
1
2
m2
n · ∂
nµρν
−
1
2
m2
n · ∂
nµρν −
1
2
m2
n · ∂
nνρµ +
1
2
m2
n · ∂
nν ρ¯µ
)
,
δ
δθ¯
δ
δθ
¯˜MµM¯
µ = M¯µρ¯
µ + ρ˜⋆µ
(
ǫµ + i∂µσ − i∂µσ¯ −
i
2
m2
n · ∂
nµσ +
i
2
m2
n · ∂
nµσ¯
)
+Mµ ¯˜ρ
µ
+ ρ⋆µ(ξ
µ − iβµ + iβ¯µ),
1
2
δ
δθ¯
δ
δθ
N¯ N¯ = Nσ¯ − σ⋆ε,
1
2
δ
δθ¯
δ
δθ
¯˜N ¯˜N = N¯ ¯˜σ − σ˜⋆(ψ − χ˜+ ¯˜χ),
δ
δθ¯
δ
δθ
¯˜OO¯ = O¯χ¯+ χ˜⋆Σ+O ¯˜χ+ χ⋆η,
1
2
δ
δθ¯
δ
δθ
T¯ T¯ = T ϕ¯− ϕ⋆(φ− χ+ χ¯),
1
2
δ
δθ¯
δ
δθ
S¯µS¯
µ = Sµβ¯
µ − β⋆µη
µ. (3.42)
By adding all the equations of above expression side by side, we get, remarkably, that this
is nothing but the expression of Lagrangian density, L¯gf , given in Eq. (3.16). Thus, we
can write
L¯gf =
1
2
δ
δθ¯
δ
δθ
[
B¯µνB¯
µν + 2 ¯˜MµM¯
µ + N¯ N¯ + ¯˜N ¯˜N + 2 ¯˜OO¯ + T¯ T¯ + S¯µS¯
µ
]
. (3.43)
Eventually, we see that L¯gf is nothing but the θθ¯ component of the composite superfields.
Therefore, this certifies the invariance of the L¯gf under both the extended BRST and
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extended anti-BRST transformations. The component form of super gauge-fixing fermion
in this superspace is given by
Γ(x, θ, θ¯) = Ψ + θsbΨ+ θ¯sabΨ+ θθ¯sbsabΨ, (3.44)
to express the Lgf as
δ
δθ
[
δ(θ¯)Γ(x, θ, θ¯)
]
. The θθ¯ component of Γ(x, θ, θ¯) vanishes due to
equations of motion in the theories having both BRST and anti-BRST invariance.
Therefore, the effective Lagrangian density (3.24), which is invariant under both the
extended BRST and the extended anti-BRST transformations, can be expressed in super-
space by
Leff = L0(Bµν − B¯µν) +
1
2
δ
δθ¯
δ
δθ
[
B¯µν B¯
µν + 2 ¯˜MµM¯
µ + N¯ N¯ + ¯˜N ¯˜N + 2 ¯˜OO¯ + T¯ T¯ + S¯µS¯
µ
]
+
δ
δθ
[
δ(θ¯)Γ(x, θ, θ¯)
]
. (3.45)
Here, we found that the gauge fixing parts of the effective Lagrangian density is the θ
components of the certain functional. Thus we observe that the VSR modified 2-form
gauge theory in superspace described by two fermionic parameters also follow the same
structure as the Lorentz invariant case.
4 3-form gauge theory: VSR modified BV action in superspace
VSR generalization to the tensor field (reducible gauge) theories has also been done using a
BV formulation [7, 8]. A rigorous construction of quantum field theory in VSR framwork is
also studied [45]. In this connection, we would like study the BV action tensor field of rank-
3 in superspace. In particular, we generalize our previous results for the case of Abelian
3-form gauge theory which is relevant as it plays a crucial role to study the excitations of
the quantized versions of strings, superstrings and related extended objects. The classical
Lagrangian density for the Abelian 3-form gauge theory in VSR is given by [7, 8], as
L0 =
1
24
F˜µνηξF˜
µνηξ , (4.1)
where the 4-form field strength tensor (F˜µνηξ) has the following form:
F˜µνηξ = ∂µBνηξ − ∂νBηξµ + ∂ηBξµν − ∂ξBµνη −
1
2
m2
n · ∂
nµBνηξ +
1
2
m2
n · ∂
nνBηξµ
−
1
2
m2
n · ∂
nηBξµν +
1
2
m2
n · ∂
nξBµνη. (4.2)
Here Bµνη is totally antisymmetric rank-3 tensor gauge field and nµ is a constant null vector.
The Lagrangian density (4.1) is not invariant under standard gauge transformation as the
Lorentz invariance is broken by choosing an specific direction. However, this Lagrangian
density is invariant under the following VSR modified gauge transformation
δBµνη = ∂µλνη + ∂νληµ + ∂ηλµν −
1
2
m2
n · ∂
nµλνη −
1
2
m2
n · ∂
nνληµ −
1
2
m2
n · ∂
nηλµν , (4.3)
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where λµν is an arbitrary antisymmetric parameter. As this is a (VSR modified) gauge
invariant theory, it contains redundant degrees of freedom. From the expression of (4.3), it
is evident that the theory is reducible. Therefore, to quantize this theory correctly we need
to fix the gauge appropriately. The gauge-fixed Lagrangian density in VSR is calculated
by
LBgf = ∂µB
µνηBνη −
1
2
m2
n · ∂
nµBµνηBνη +
1
2
BµνB˜
µν + ∂µc˜νη∂
µcνη +m2c˜νηc
νη
+ ∂ν c˜ηµ∂
µcνη − ∂ν c˜ηµ
1
2
m2
n · ∂
nµcνη − ∂µcνη
1
2
m2
n · ∂
nν c˜
ηµ + nν c˜
ηµ 1
4
m2
n · ∂
nµcνη
+ ∂µc˜µν∂
µcνη − ∂µc˜µν
1
2
m2
n · ∂
nµcνη − ∂µcνη
1
2
m2
n · ∂
nη c˜µν + n
η c˜µν
1
4
m2
n · ∂
nη c˜µν
− ∂µβ˜ν∂
µβν −m2β˜νβ
ν + ∂ν β˜µ∂
µβν − ∂ν β˜µ
1
2
m2
n · ∂
nµβν − ∂µβν
1
2
m2
n · ∂
nν β˜µ
+
1
4
m2
n · ∂
nνβ˜µn
µβν −BB2 −
1
2
B21 + ∂µc˜
µνfν − ∂µc
µν F˜ν −
1
2
m2
n · ∂
nµc˜
µνfν
+
1
2
m2
n · ∂
nµc
µν F˜ν + ∂µc˜2∂
µc2 +m
2c˜2c2 + f˜µfµ − F˜µF
µ + ∂µβ
µB2
−
1
2
m2
n · ∂
nµβ
µB2 + ∂µφ
µB1 − ∂µβ˜
µB −
1
2
m2
n · ∂
nµφ
µB1 +
1
2
m2
n · ∂
nµβ˜
µB. (4.4)
Here, keeping the reducible nature of the theory, we have introduced extra auxiliary and
ghost fields. For instance, antisymmetric ghost and antighost fields cµν and c¯µν are Grass-
mannian and the vector field φµ, antisymmetric auxiliary fields Bµν , B¯µν and auxiliary
fields B,B1, B2 are bosonic. The fields βµ and β¯µ are ghost of ghosts and are bosonic in
nature. However, c2 and c¯2 are ghost of ghost of ghosts with fermionic nature. The rest
of the Grassmannian fields, i.e., c1, c¯1, fµ and F¯µ are auxiliary fields. It has been shown in
Ref. [8] that the ghosts cµν and c¯µν , ghost of ghosts βµ and β¯µ and ghost of ghost of ghosts
c2 and c¯2, are massive.
To write the absolutely anticommuting BRST and anti-BRST invariant BV action for
3-form gauge theory in VSR, we consider an equivalent candidate to the above gauge-fixing
Lagrangian density as following:
LB˜gf = −∂µB
µνηB˜νη +
1
2
m2
n · ∂
nµBµνηB˜νη +
1
2
BµνB˜
µν + ∂µc˜νη∂
µcνη +m2c˜νηc
νη
+ ∂ν c˜ηµ∂
µcνη − ∂ν c˜ηµ
1
2
m2
n · ∂
nµcνη − ∂µcνη
1
2
m2
n · ∂
nν c˜
ηµ + nν c˜
ηµ 1
4
m2
n · ∂
nµcνη
+ ∂µc˜µν∂
µcνη − ∂µc˜µν
1
2
m2
n · ∂
nµcνη − ∂µcνη
1
2
m2
n · ∂
nη c˜µν + n
η c˜µν
1
4
m2
n · ∂
nη c˜µν
− ∂µβ˜ν∂
µβν −m2β˜νβ
ν + ∂ν β˜µ∂
µβν − ∂ν β˜µ
1
2
m2
n · ∂
nµβν − ∂µβν
1
2
m2
n · ∂
nν β˜µ
+
1
4
m2
n · ∂
nνβ˜µn
µβν −BB2 −
1
2
B21 + ∂µc
µν f˜ν − ∂µc˜
µνFν +
1
2
m2
n · ∂
nµc˜
µνFν
−
1
2
m2
n · ∂
nµc
µν f˜ν + ∂µc˜2∂
µc2 +m
2c˜2c2 + f˜µfµ − F˜µF
µ + ∂µβ
µB2
−
1
2
m2
n · ∂
nµβ
µB2 + ∂µφ
µB1 − ∂µβ˜
µB −
1
2
m2
n · ∂
nµφ
µB1 +
1
2
m2
n · ∂
nµβ˜
µB. (4.5)
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These two Lagrangian densities are equivalent as they describe same dynamics of the theory
on the following CF type restricted surface:
fµ + Fµ = ∂µc1 −
1
2
m2
n · ∂
nµc1, f¯µ + F¯µ = ∂µc¯1 −
1
2
m2
n · ∂
nµc¯1,
Bµν + B¯µν = ∂µφν − ∂νφµ −
1
2
m2
n · ∂
nµφν +
1
2
m2
n · ∂
nνφµ. (4.6)
The VSR modified BRST transformations which leave the effective Lagrangian density,
L = L0 + L
B
gf , invariant are given by
sbBµνη = (∂µcνη + ∂νcηµ + ∂ηcµν −
1
2
m2
n · ∂
nµcνη −
1
2
m2
n · ∂
nνcηµ −
1
2
m2
n · ∂
nηcµν),
sbc˜µν = Bµν , sbBµν = ∂µfν − ∂νfµ −
1
2
m2
n · ∂
nµfν +
1
2
m2
n · ∂
nνfµ, sbβ˜µ = F˜µ,
sbβµ = (∂µ −
1
2
m2
n · ∂
nµ)c2, sbFµ = −(∂µ −
1
2
m2
n · ∂
nµ)B,
sbf˜µ = (∂µ −
1
2
m2
n · ∂
nµ)B1, sbc˜2 = B2, sbc1 = −B, sbφµ = fµ,
sbc˜1 = B1, sb[c2, fµ, F˜µ, B,B1, B2, Bµν ] = 0. (4.7)
Since the gauge fixed Lagrangian density LBgf is BRST exact, so it can be written in terms
of BRST variation of a gauge-fixing fermion Ψ as
LBgf = sbΨ, (4.8)
where the explicit form of Ψ is as following:
Ψ = −
1
2
c˜2B +
1
2
B2c1 −
1
2
c˜1B1 −
1
2
(∂µβ˜ν − ∂ν β˜µ −
1
2
m2
n · ∂
nµβ˜ν +
1
2
m2
n · ∂
nν β˜µ)c
µν
+
1
2
c˜µνB˜
µν − ∂µc˜2β
µ +
1
2
m2
n · ∂
(n · β)c˜2 − β˜µF
µ − φµf˜
µ −
1
3
Bµνη (∂
µc˜νη + ∂ν c˜ηµ
+ ∂η c˜µν −
1
2
m2
n · ∂
nµc˜µη −
1
2
m2
n · ∂
nνcηµ −
1
2
m2
n · ∂
nη c˜µν
)
. (4.9)
Here, one can see the VSR modification in the gauge-fixing fermion clearly. The anti-BRST
symmetry transformations (sab) for the above Lagrangian densities are given by
sabBµνη = (∂µc˜νη + ∂ν c˜ηµ + ∂η c˜µν −
1
2
m2
n · ∂
nµc˜νη −
1
2
m2
n · ∂
nν c˜ηµ −
1
2
m2
n · ∂
nηc˜µν)
sabc˜µν = ∂µβ˜ν − ∂ν β˜µ −
1
2
m2
n · ∂
nµβ˜ν +
1
2
m2
n · ∂
nνβ˜µ, sabcµν = B˜µν ,
sabBµν = ∂µf˜ν − ∂ν f˜µ −
1
2
m2
n · ∂
nµf˜ν +
1
2
m2
n · ∂
nν f˜µ, sabβµ = Fµ,
sabβ˜µ = = ∂µc˜2 −
1
2
m2
n · ∂
nµc˜2, sabF˜µ = −∂µB2 +
1
2
m2
n · ∂
nµB2,
sabfµ = −∂µB1 +
1
2
m2
n · ∂
nµB1, sabc2 = B, sabc1 = −B1, sabφµ = f˜µ,
sabc˜1 = −B2, sab[c˜2, f˜µ, Fµ, B,B1, B2, B˜µν ] = 0. (4.10)
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Since both the BRST and anti-BRST transformations are absolutely anticommuting in
nature, so both the BRST and anti-BRST exact Lagrangian densities can be expressed as
follows,
LBgf = sbsab
[
1
2
c˜2c2 −
1
2
c˜1c1 −
1
2
c˜µνc
µν − β˜µβ
µ −
1
2
φµφ
µ −
1
6
BµνηB
µνη
]
. (4.11)
Now, we will study the construction of VSR modified extended BRST transformation for
Abelian 3-form gauge theory in next subsection.
4.1 VSR modified extended BRST invariant BV action
Following the previous sections, we generalize the VSR modified extended BRST construc-
tion for the case of Abelian 3-form gauge theory in VSR. In this regard, we shift all the
fields from their original values as follows
Bµνη → Bµνη − B¯µνη, cµν → cµν − c¯µν , c˜µν → c˜µν − ¯˜cµν , Bµν → Bµν − B¯µν ,
B˜µν → B˜µν −
¯˜
Bµν , βµ → βµ − β¯µ, β˜µ → β˜µ −
¯˜
βµ, Fµ → Fµ − F¯µ,
F˜µ → F˜µ −
¯˜
Fµ, fµ → fµ − f¯µ, f˜µ → f˜µ −
¯˜
fµ, c2 → c2 − c¯2,
c˜2 → c˜2 − ¯˜c2, c1 → c1 − c¯1, c˜1 → c˜1 − ¯˜c1, φµ → φµ − φ¯µ,
B → B − B¯, B1 → B1 − B¯1, B2 → B2 − B¯2. (4.12)
Following the above shifts in fields, the effective Lagrangian density of the theory is modified
by
L¯ = L(Bµνη − B¯µνη, cµν − c¯µν , c˜µν − ¯˜cµν , Bµν − B¯µν , B˜µν −
¯˜
Bµν , βµ − β¯µ, β˜µ −
¯˜
βµ,
Fµ − F¯µ, F˜µ −
¯˜
Fµ, fµ − f¯µ, f˜µ −
¯˜
fµ, c2 − c¯2, c˜2 − ¯˜c2, c1 − c¯1, c˜1 − ¯˜c1, φµ − φ¯µ,
B − B¯, B1 − B¯1, B2 − B¯2). (4.13)
This Lagrangian density remains invariant under the BRST transformation (4.7) corre-
sponding to the shifted fields. In fact, it is invariant under the following extended BRST
transformations of fields:
sbΦ(x) = α(x), sbΦ¯(x) = α(x)− β(x), (4.14)
where Φ(x) and Φ¯(x) represent the collective original and shifted fields respectively. Here
β(x) refers the original BRST transformation of with respect to the shifted fields, whereas
α(x) corresponds the ghost fields associated with shift symmetry collectively. The explicit
form of the extended BRST transformation (4.14) is given explicitly in Eq. (B.2) of Ap-
pendix B. Now, in order to make theory unchanged, we need to remove the contribution
of these ghosts from the physical states. To do so, we further introduce the following anti-
fields (anti-ghosts): B⋆µνη, c
⋆
µν , c˜
⋆
µν , B
⋆
µν , B˜
⋆
µν , η
⋆
µ, β˜
⋆
µ, F
⋆
µ , F˜
⋆
µ , f
⋆
µ, f˜
⋆
µ, c
⋆
2, c˜
⋆
2, c
⋆
1, c˜
⋆
1, φ
⋆
µ, B
⋆,
B⋆1 , B
⋆
2 to the theory. The BRST variation of these antifields are given in (B.3). Now, to
remove the redundancies, we fix the gauge for shift symmetry, which is achieved by adding
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the following gauge fixing term to the VSR quantum action
L¯Bgf = lµνηB¯
µνη −B⋆µνη(L
µνη − ∂µcνη + ∂µc¯νη − ∂νcηµ + ∂ν c¯ηµ − ∂ηcµν + ∂η c¯µν
+
1
2
m2
n · ∂
nµcνη −
1
2
m2
n · ∂
nµc¯νη +
1
2
m2
n · ∂
nνcηµ −
1
2
m2
n · ∂
nν c¯ηµ +
1
2
m2
n · ∂
nηcµν
−
1
2
m2
n · ∂
nηc¯µν) + c˜⋆µν(M
µν − ∂µβν + ∂µβ¯ν + ∂νβµ − ∂ν β¯µ +
1
2
m2
n · ∂
nµβν
−
1
2
m2
n · ∂
nµβ¯ν −
1
2
m2
n · ∂
nνβµ +
1
2
m2
n · ∂
nνβ¯µ) +mµν ¯˜c
µν + c⋆µν(M˜
µν −Bµν + B¯µν)
+ nµνB¯
µν −B⋆µνN
µν + n¯µν
¯˜
Bµν − B˜⋆µν(N˜
µν − ∂µF ν + ∂µF¯ ν + ∂νFµ
− ∂νF¯µ +
1
2
m2
n · ∂
nµF ν −
1
2
m2
n · ∂
nµF¯ ν −
1
2
m2
n · ∂
nνFµ +
1
2
m2
n · ∂
nνF¯µ) + oµβ¯
µ
− β⋆µ(O
µ − ∂µc2 + ∂
µc¯2 +
1
2
m2
n · ∂
nµc2 −
1
2
m2
n · ∂
nµc¯2) + +o¯µ
¯˜
βµ − β˜⋆µ(O˜
µ − F˜µ
+ ¯˜Fµ) + p¯µF¯
µ + F˜ ⋆µ(P
µ + ∂µB − ∂µB¯ −
1
2
m2
n · ∂
nµB +
1
2
m2
n · ∂
nµB¯) + pµ
¯˜
Fµ
+ F ⋆µ P˜
µ + q¯µf¯
µ + f˜⋆µQ
µ + qµ
¯˜µ
f + f⋆µ(Q˜
µ − ∂µB1 + ∂
µB¯1 +
1
2
m2
n · ∂
nµB1
−
1
2
m2
n · ∂
nµB¯1) + r¯c¯2 + c˜
⋆
2R+ r¯˜c2 + c
⋆
2(R˜−B2 + B¯2) + s¯c¯1 + s¯˜c1 + vB¯1
+ c˜⋆1(S+B − B¯) + c
⋆
1(S˜−B1 + B¯1) + tµφ¯
µ − φ⋆µ(T
µ − fµ + f¯µ) + uB¯
− B⋆U+ wB¯2 −B
⋆
2W−B
⋆
1V. (4.15)
where the fields Lµνη , Mµν , M˜µν , Nµν , N˜µν , Oµ, O˜µ, Pµ, P˜µ, Qµ, Q˜µ, R, R˜, S, S˜, Tµ, U,
V and W are the ghost fields associated with the shift symmetries for fields Bµνη, cµν , c˜µν ,
Bµν , B˜µν , βµ, β˜µ, Fµ, F˜µ, fµ, f˜µ, c2, c˜2, c1, c˜1, φµ, B, B1, B2 respectively and the fields lµνη ,
mµν , m¯µν , nµν , n¯µν , oµ, o¯µ, pµ, p¯µ, qµ, q¯µ, r, r¯, s, s¯, tµ, u, v, w are the Nakanishi-Lautrup
type auxiliary fields corresponding to the antighost fields B⋆µνη, c
⋆
µν , c˜
⋆
µν , B
⋆
µν , B˜
⋆
µν , η
⋆
µ, β˜
⋆
µ,
F ⋆µ , F˜
⋆
µ , f
⋆
µ, f˜
⋆
µ, c
⋆
2, c˜
⋆
2, c
⋆
1, c˜
⋆
1, φ
⋆
µ, B
⋆, B⋆1 , B
⋆
2 , respectively.
The gauge-fixed Lagrangian density corresponding to shift symmetry, L¯Bgf , is invariant
under the extended BRST symmetry transformations given in Eqs. (B.2) and (B.3) of
Appendix B. If we perform the equations of motion for auxiliary fields, then all bar fields
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disappear and we left with the following gauge-fixed Lagrangian density:
L¯Bgf = −B
⋆
µνη(L
µνη − ∂µcνη − ∂νcηµ − ∂ηcµν +
1
2
m2
n · ∂
nµcνη +
1
2
m2
n · ∂
nνcηµ
+
1
2
m2
n · ∂
nηcµν) + c˜⋆µν(M
µν − ∂˜µβν + ∂˜νβµ +
1
2
m2
n · ∂
nµβν −
1
2
m2
n · ∂
nνβµ)
+ c⋆µν(M˜
µν −Bµν)−B⋆µνN
µν + B˜⋆µν(N˜
µν − ∂µf ν + ∂νfµ +
1
2
m2
n · ∂
nµf ν
−
1
2
m2
n · ∂
nνfµ)− β⋆µ(O
µ − ∂µc2 +
1
2
m2
n · ∂
nµc2) + β˜
⋆
µ(O˜
µ − F˜µ)
+ F˜ ⋆µ(P
µ + ∂µB −
1
2
m2
n · ∂
nµB) + F ⋆µ P˜
µ + f˜⋆µQ
µ + f⋆µ(Q˜
µ − ∂µB1
+
1
2
m2
n · ∂
nµB1) + c˜
⋆
2R+ c
⋆
2(R˜−B2) + c˜
⋆
1(S+B) + c
⋆
1(S˜−B1)
− φ⋆µ(T
µ − fµ)−B⋆U−B⋆1V−B
⋆
2W. (4.16)
Furthermore, if the general gauge-fixing fermion of the Abelian 3-form gauge theory in VSR,
Ψ, depends on the original fields only, then we can write a general gauge-fixed Lagrangian
density for this theory with the original BRST symmetry in terms of Ψ as
LBgf = sbΨ[Φ] =
∑
Φ
(sbΦ)
δΨ
δΦ
, (4.17)
where Φ is the generic notation for all fields in the theory. Keeping the nature of fields
(i.e fermionic and bosonic) in mind the above gauge-fixed Lagrangian density in can be
expressed as
LBgf = −
δΨ
δBµνη
Lµνη +
δΨ
δcµν
Mµν +
δΨ
δc˜µν
M˜µν −
δΨ
δBµν
Nµν −
δΨ
δB˜µν
N˜µν
−
δΨ
δβµ
Oµ −
δΨ
δβ˜µ
O˜µ +
δΨ
δFµ
Pµ +
δΨ
δF˜µ
P˜µ +
δΨ
δfµ
Qµ +
δΨ
δf˜µ
Q˜µ
+
δΨ
δc2
R+
δΨ
δc˜2
R˜+
δΨ
δc1
S+
δΨ
δc˜1
S˜−
δΨ
δφµ
Tµ −
δΨ
δB
U−
δΨ
δB1
V−
δΨ
δB2
W. (4.18)
Now, we are able to define the BV action for Abelian 3-form gauge theory in VSR by
combining Eqs. (4.4), (4.16) and (4.18) as follows
Leff = L0(Bµνρ − B¯µνρ) + L
B
gf + L¯
B
gf . (4.19)
The explicit expression of Leff is given in (B.1) (see in Appendix B).
To obtain the identifications on the antifields of 3-form theory in VSR, we integrate
the ghosts associated with the shift symmetry and utilize the gauge-fixing fermion (4.9).
– 25 –
We thus obtain the explicit values of antifields as following:
Bµνη⋆ =
1
3
(∂µc˜νη + ∂ν c˜ηµ + ∂η c˜µν −
1
2
m2
n · ∂
nµc˜νη −
1
2
m2
n · ∂
nν c˜ηµ −
1
2
m2
n · ∂
nηc˜µν),
cµν⋆ = −
1
2
Bµν , Bµν⋆ = −
1
2
c˜µν , β˜µ⋆ = Fµ + ∂νc
µν −
1
2
m2
n · ∂
nνc
µν ,
c˜µν⋆ =
1
2
(∂µβ˜ν − ∂ν β˜µ −
1
2
m2
n · ∂
nµβ˜ν +
1
2
m2
n · ∂
nν β˜µ)− ∂ηB
µνη +
1
2
m2
n · ∂
nηB
µνη,
βµ⋆ = −
1
2
∂µc˜2 +
1
4
m2
n · ∂
nµc˜2, c
⋆
2 =
1
2
B − (∂µ −
1
2
m2
n · ∂
nµ)β
µ, c˜⋆1 = −
1
2
B2,
F˜µ⋆ = β˜µ, fµ⋆ = φµ, c⋆1 =
1
2
B1, φ
µ⋆ = f˜µ, B⋆ =
1
2
c˜2, B
⋆
1 =
1
2
c˜1, B
⋆
2 = −
1
2
c1,
[B˜µν⋆, Fµ⋆, fµ⋆, c˜⋆2] = 0. (4.20)
Now, we are able to express gauge-fixed Lagrangian density corresponding to extended
BRST transformations in terms of generalized gauge-fixing fermion as follows,
LBgf + L¯
B
gf = sb
(
B⋆µνηB¯
µνη + c⋆µν ¯˜c
µν
+ c˜⋆µν c¯
µν +B⋆µνB¯
µν + β⋆µβ¯
µ + β˜⋆µ
¯˜
β
µ
+ F ⋆µ
¯˜
F
µ
+ F˜ ⋆µ F¯
µ
+ f⋆µ
¯˜
fµ + f˜⋆µf¯
µ + c⋆2¯˜c2 + c˜
⋆
2c¯2 + c
⋆
1
¯˜c1 + c˜
⋆
1c¯1 + φ
⋆
µφ¯
µ +B⋆B¯ +B⋆1B¯1 +B
⋆
2B¯2
)
,
=: sb
(
Φ⋆Φ¯
)
, (4.21)
where the collective fields Φ and Φ¯ denote the original fields and corresponding shifted
fields respectively. Here the ghost number of the expression Φ⋆Φ¯ = −1, as we expect.
Here we see a difference in the expression of generalized gauge-fixing fermion to that of the
ordinary gauge-fixing fermion
Ψ = −[BµνηB
µνη⋆ + c˜µνc
µν⋆ + β˜µβ˜
µ⋆ + φµφ
µ⋆ + c˜2c
⋆
2 + c˜1c
⋆
1 +B2B
⋆
2 ]. (4.22)
Plugging the values of the antifields (4.20), we can recover the original Lagrangian density
of 3-form gauge theory in VSR.
4.2 VSR modified extended BRST invariant BV action in superspace
Furthermore, while the BRST and the anti-BRST symmetries of 3-form theories can be
given a geometrical meaning and have led to a superspace formulation of such theories [43],
a superspace description of the VSR modified BV action does not exist so far. Here, we
develop a superspace formalism of the VSR modified 3-form theory having extended BRST
invariance only. To study the theory with extended BRST invariance only, we need one
extra fermionic parameter θ together with xµ. The components of superfields, T, in terms
of generic fields Φ is given by
T(x, θ) = Φ(x) + θ(sbΦ). (4.23)
With the help of extended BRST transformation (B.2), the explicit expressions for the
superfield are listed in Eq. (B.4) of Appendix.
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The gauge-fixed Lagrangian density corresponding to shift symmetry mentioned in
(4.15) in the superspace is is simplified as
L¯Bgf =
δ
δθ
[
B¯⋆µνηB¯
µνη + ¯˜C⋆µν C¯
µν + ¯˜Cµν C¯
µν⋆ + ¯˜B⋆µν
¯˜Bµν + B¯⋆µB¯
µ + ¯˜F⋆µF¯
µ + ¯˜F
⋆
µF¯
µ
+ ¯˜FµF¯
µ⋆ + ¯˜FµF¯
µ⋆ + ¯˜C
⋆
1C¯1 +
¯˜C1C¯
⋆
1 +
¯˜C
⋆
2C¯2 +
¯˜C2C¯
⋆
2 + B¯
⋆B¯ + B¯⋆1B¯1 + B¯
⋆
2B¯2
]
,
=
δ
δθ
[
T¯⋆T¯
]
. (4.24)
Being the θ component of a superfields, L¯Bgf is invariant under the extended BRST trans-
formation. In the extended BRST invariant superspace, the gauge-fixed fermion of the
original VSR modified 3-form gauge theory in component form translates as
Γ(x, θ) = Ψ(x) + θsbΨ. (4.25)
If we assume a general gauge-fixed fermion Ψ depending on all the original fields, then a
Γ(x, θ) reads,
Γ(x, θ) = Ψ(x) + θ
[
−
δΨ
δBµνη
Lµνη +
δΨ
δcµν
Mµν +
δΨ
δc˜µν
M˜µν −
δΨ
δBµν
Nµν −
δΨ
δB˜µν
N˜µν
−
δΨ
δβµ
Oµ −
δΨ
δβ˜µ
O˜µ +
δΨ
δFµ
Pµ +
δΨ
δF˜µ
P˜µ +
δΨ
δfµ
Qµ +
δΨ
δf˜µ
Q˜µ +
δΨ
δc2
R
+
δΨ
δc˜2
R˜+
δΨ
δc1
S+
δΨ
δc˜1
S˜−
δΨ
δφµ
Tµ −
δΨ
δB
U−
δΨ
δB1
V−
δΨ
δB2
W
]
. (4.26)
Therefore, the VSR modified gauge-fixing Lagrangian density (4.4) in the superspace for-
malism takes very compact form as
LBgf =
δΓ(x, θ)
δθ
. (4.27)
Here we note that the invariance of this Lagrangian density is obvious under the extended
BRST transformation as it belongs to θ component. Now, we are able to write the extended
BRST invariant BV action in the superspace as follows
Leff = L0(Bµνρ − B¯µνρ) +
δΓ(x, θ)
δθ
+
δ
δθ
[
T¯⋆T¯
]
. (4.28)
Here we observe that eliminating auxiliary fields and ghost fields of the shift symmetry
through using equations of motion, this effective Lagrangian density reduces to the original
BRST invariant Lagrangian density of 3-form gauge theory in VSR also.
4.3 VSR modified extended anti-BRST invariant BV action
In this subsection, we discuss the extended anti-BRST symmetry for Abelian 3-form gauge
theory in VSR and their superspace description.
As the gauge-fixing Lagrangian density is anti-BRST exact, so one can write this in
terms of corresponding gauge-fixing fermion Ψ¯ as
LBgf = sabΨ¯, (4.29)
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where Ψ¯ fhas the following expression:
Ψ¯ = −
1
2
B2c2 +
1
2
B1c1 +
1
2
c˜1B +
1
2
Bµνc
µν −
1
2
c˜µν(∂
µβν − ∂νβµ −
1
2
m2
n · ∂
nµβν
+
1
2
m2
n · ∂
nνβµ) + F˜µβ
µ + βµ∂
µc2 − βµ
1
2
m2
n · ∂
nµc2 +
1
2
φµf
µ +
1
3
Bµνη(∂
µcνη
+ ∂νcηµ + ∂ηcµν −
1
2
m2
n · ∂
nµcνη −
1
2
m2
n · ∂
nνcηµ −
1
2
m2
n · ∂
nηcµν). (4.30)
Keeping the structure of (B.2) (given in Appendix B) in mind, we demand that anti-BRST
transformation of shifted fields (Φ − Φ¯) coincides with the anti-BRST transformations of
the original fields (Φ) if all the bar fields vanish. This requirement leads to the following
form of the (VSR modified) extended anti-BRST transformations:
sabB¯µνη = B
⋆
µνη,
sabBµνη = B
⋆
µνη + ∂µc˜νη − ∂µ¯˜cνη + ∂ν c˜ηµ − ∂ν ¯˜cηµ + ∂η c˜µν − ∂η ¯˜cµν −
1
2
m2
n · ∂
nµc˜νη
+
1
2
m2
n · ∂
nµ¯˜cνη −
1
2
m2
n · ∂
nν c˜ηµ +
1
2
m2
n · ∂
nν ¯˜cηµ −
1
2
m2
n · ∂
nη c˜µν +
1
2
m2
n · ∂
nη ¯˜cµν ,
sab ¯˜cµν = c˜
⋆
µν , sabc˜µν = c˜
⋆
µν + ∂µβ˜ν − ∂µ
¯˜
βν − ∂ν β˜µ + ∂ν
¯˜
βµ −
1
2
m2
n · ∂
nµβ˜ν
+
1
2
m2
n · ∂
nµ
¯˜
βν +
1
2
m2
n · ∂
nν β˜µ −
1
2
m2
n · ∂
nν
¯˜
βµ, sabc¯µν = c
⋆
µν ,
sabcµν = c
⋆
µν + B˜µν −
¯˜
Bµν , sabBµν = B
⋆
µν + ∂µf˜ν − ∂µ
¯˜
fν − ∂ν f˜µ + ∂ν
¯˜
fµ
−
1
2
m2
n · ∂
nµf˜ν +
1
2
m2
n · ∂
nµ
¯˜
fν +
1
2
m2
n · ∂
nν f˜µ −
1
2
m2
n · ∂
nν
¯˜
fµ, sabφµ = φ
⋆
µ + f˜µ −
¯˜
fµ,
sabB¯µν = B
⋆
µν , sabβ¯µ = β
⋆
µ, sabβµ = β
⋆
µ + Fµ − F¯µ, sab
¯˜
βµ = β˜
⋆
µ,
sabβ˜µ = β˜
⋆
µ + ∂µc˜2 − ∂µ¯˜c2 −
1
2
m2
n · ∂
nµc˜2 +
1
2
m2
n · ∂
nµ¯˜c2, sab
¯˜
Fµ = F˜
⋆
µ ,
sabF˜µ = F˜
⋆
µ − ∂˜µB2 + ∂˜µB¯2 +
1
2
m2
n · ∂
nµB2 −
1
2
m2
n · ∂
nµB¯2, sabf¯µ = f
⋆
µ,
sabfµ = f
⋆
µ − ∂µB1 + ∂µB¯1 +
1
2
m2
n · ∂
nµB1 −
1
2
m2
n · ∂
nµB¯1, sabc¯2 = c
⋆
2,
sabc2 = c
⋆
2 +B − B¯, sabc¯1 = c
⋆
1, sabc1 = c
⋆
1 −B1 + B¯1, sabφ¯µ = φ
⋆
µ,
sab¯˜c1 = c˜
⋆
1, sabc˜1 = c˜
⋆
1 −B2 + B¯2, sab¯˜c2 = c˜
⋆
2, sabc˜2 = c˜
⋆
2, sab
¯˜
fµ = f˜
⋆
µ,
sabf˜µ = f˜
⋆
µ, sabF¯µ = F
⋆
µ , sabFµ = F
⋆
µ , sabB¯ = B
⋆, sabB = B
⋆, sabB¯1 = B
⋆
1 ,
sabB1 = B
⋆
1 , sabB¯2 = B
⋆
2 , sabB2 = B
⋆
2 , sab
¯˜
Bµν = B˜
⋆
µν , sabB˜µν = B˜
⋆
µν . (4.31)
However, the following fields: B⋆µνη , c˜
⋆
µν , c
⋆
µν , B
⋆
µν , β
⋆
µ, β˜
⋆
µ, F˜
⋆
µ , f
⋆
µ, c
⋆
2, c
⋆
1, φ
⋆
µ, c˜
⋆
1, c˜
⋆
2, f˜
⋆
µ,
F ⋆µ , B
⋆, B⋆1 , B
⋆
2 and B˜
⋆
µν , do not change under extended anti-BRST transformation which
ensures the nilpotency of the transformation. The ghost fields associated with the shift
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symmetry change under the extended anti-BRST transformations as
sabLµνη = lµνη, sabMµν = mµν , sabM˜µν = m¯µν , sabNµν = nµν ,
sabN˜µν = n¯µν , sabOµ = oµ, sabO˜µ = o¯µ, sabPµ = pµ, sabP˜µ = p¯µ,
sabQµ = qµ, sabQ˜µ = q¯µ, sabR = r, sabR˜ = r¯, sabS = s,
sabS˜ = s¯, sabTµ = tµ, sabU = u, sabV = v, sabW = w. (4.32)
Rest of fields, whose transformation is written here, do not change under the extended
anti-BRST transformation. To describe the superspace formulation of the Abelian 3-form
gauge theory in VSR which has only extended anti-BRST invariance, we need one extra
Grassmannian coordinate, say θ¯. It is now straightforward to define the superfields in this
superspace which involve the extended anti-BRST transformations along the θ¯ coordinates
respectively. Therefore, the superspace description of Abelian 3-form gauge theory in VSR
also holds.
4.4 VSR modified extended BRST and anti-BRST invariant superspace for-
mulation
In this section, we construct the superspace formulation for the Abelian 3-form gauge theory
in VSR which is manifestly invariant under both the extended BRST transformations and
the extended anti-BRST transformations. To describe such superspace, we introduce two
extra Grassmann coordinates, θ and θ¯ together with xµ. Now, we compute the components
of the superfields by requiring the field strength to vanish along the directions of θ and θ¯.
This leads to the superfields to have following form in this superspace generically:
T(x, θ, θ¯) = Φ(x) + θ(sbΦ) + θ¯(sabΦ) + θθ¯(sbsabΦ). (4.33)
Here T and Φ describe all the superfields and the fields generically. The explicit expression
for the individual superfields can be found in Eq. (B.5) of the Appendix B.
Exploiting superfields (B.5) we compute the relations (B.6). Interestingly, we establish
a relation between the gauge-fixing Lagrangian density corresponding to shift symmetry,
L¯Bgf (4.4), and composite superfields as follows,
L¯Bgf =
1
2
δ
δθ¯
δ
δθ
[
B¯µνηB¯
µνη + 2¯˜Cµν C¯
µν + ¯˜Bµν
¯˜Bµν + B¯µνB¯
µν + B¯µB¯
µ + ¯˜Bµ
¯˜B
µ
+ 2 ¯˜FµF¯
µ + 2¯˜FµF¯
µ + 2¯˜C2C¯2 + 2
¯˜C1C¯1 + Φ¯µΦ¯
µ + B¯B¯ + B¯1B¯1 + B¯2B¯2
]
, (4.34)
This relation manifests that the gauge-fixed Lagrangian density L¯Bgf is invariant under both
the extended BRST and extended anti-BRST transformations.
The super gauge-fixing fermion for the theory having both the extended BRST and
extended anti-BRST invariance in superspace is given by
Γ(x, θ, θ¯) = Ψ(x) + θsbΨ+ θ¯sabΨ+ θθ¯sbsabΨ. (4.35)
In general, all four components of the super gauge-fixing fermion will be non-trivial, im-
plying that if we choose as LBgf = sbΨ, then it will not be invariant under generalized
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anti-BRST transformations. This follows from the fact that the last component of the
super gauge-fixing fermion (4.35) is non-vanishing in general. However, if the gauge-fixed
Lagrangian density in VSR is both extended BRST and anti-BRST invariant, then the
θθ¯ component of super gauge-fixing fermion would vanish, because when we use the equa-
tions of motion the bar fields vanish and the theory reduces to the original theory, where,
by assumption, the gauge-fixed Lagrangian density in VSR is both extended BRST and
anti-BRST invariant. Therefore, for an arbitrary super gauge-fixing fermion that leads to
a BRST and anti-BRST invariant gauge-fixing Lagrangian density, one can choose
LBgf =
δ
δθ
[
δ(θ¯)Γ(x, θ, θ¯)
]
= sbΨ. (4.36)
Now, the effective Lagrangian density (4.19) possessing both the extended BRST and anti-
BRST symmetries in superspace can be expressed by
Leff = L0(Bµνρ − B¯µνρ) +
1
2
δ
δθ¯
δ
δθ
[
B¯µνηB¯
µνη + 2¯˜Cµν C¯
µν + ¯˜Bµν
¯˜Bµν + B¯µνB¯
µν + B¯µB¯
µ
+ ¯˜Bµ
¯˜B
µ
+ 2 ¯˜FµF¯
µ + 2¯˜FµF¯
µ + 2¯˜C2C¯2 + 2
¯˜C1C¯1 + Φ¯µΦ¯
µ + B¯B¯ + B¯1B¯1 + B¯2B¯2
]
+
δ
δθ
[
δ(θ¯)Γ(x, θ, θ¯)
]
. (4.37)
Using the auxiliary fields equations of motion the bar fields can be set zero. However,
integration of the ghost fields of the shift symmetry leads to the explicit expressions for the
antifields, which, when substituted into the VSR modified Lagrangian density, yield the
BV action. The superspace formulation of BV action for the VSR modified 3-form gauge
theory has similar description as the Lorentz invariant case.
5 Concluding Remarks
In VSR, the spacetime translational symmetry is retained to preserve the energy-momentum
and also the usual relativistic dispersion relation. Keeping the significance of VSR in mind,
in this paper, we have discussed the VSR description of the non-Abelian 1-form, Abelian
2-form and Abelian 3-form gauge theories. We have constructed the extended BRST and
anti-BRST transformation (which include a shift symmetry) for these theories. To fix the
shift symmetry, we need the antighost fields which coincide with the antifields of the BV for-
mulation for each gauge theories in VSR. Furthermore, we have formulated the these VSR
modified theories in superspace. First, we have found that the extended BRST invariant
Lagrangian densities of p = 1, 2, 3-form gauge theories in VSR can be written manifestly
in a superspace with one additional fermionic coordinate, i.e., (xµ, θ). Similarly, extended
anti-BRST invariant Lagrangian densities of these theories in VSR can be written man-
ifestly in a superspace with coordinates (xµ, θ¯) where θ¯ is another fermionic coordinate.
Finally, a superspace description of the (manifestly covariant) BV action of these theories
in VSR having both the extended BRST and extended anti-BRST invariance requires two
additional Grassmann coordinates (xµ, θ, θ¯). In this context, we have noted that if the
gauge-fixed Lagrangian density in VSR is both extended BRST and anti-BRST invariant,
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then the θθ¯ component of super gauge-fixing fermion would vanish, because when we use
the equations of motion the bar fields would vanish and the theory reduces to the original
theory, where, by assumption, the gauge-fixed Lagrangian density in VSR is both extended
BRST and anti-BRST invariant. The structure of the results we obtained here by studying
BV action of p = 1, 2, 3-forms gauge theories with preferred direction is not very different
to that of Lorentz invariant case. Unlike the Lorentz invariant case, the novel observation
is that in VSR scenario, all the fields and superfields acquire mass, which modifies the
masses of the original dispersion relations. It will be interesting to extend this superspace
formulation to some regularization procedure at one-loop order, where we believe that the
superfield associated with the one-loop order term of the action may have the VSR modified
anomalies and Wess-Zumino terms. Also, the extension of this superspace formulation for
the more general cases in which VSR modified anomalies and Wess-Zumino terms depend
on the antifields will be interesting to explore.
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A Mathematical details of VSR modified Abelian 2-form gauge theory
in superspace
The explicit component form of superfields for VSR modified Abelian 2-form gauge theory
in superspace having both extended BRST and anti-BRST invariance are:
Bµν(x, θ, θ¯) = Bµν(x) + θψµν + θ¯(B
⋆
µν + ∂µρ˜ν − ∂µ ¯˜ρν − ∂ν ρ˜µ + ∂ν ¯˜ρµ −
1
2
m2
n · ∂
nµρ˜ν
+
1
2
m2
n · ∂
nµ ¯˜ρν +
1
2
m2
n · ∂
nν ρ˜ν −
1
2
m2
n · ∂
nν ¯˜ρµ) + θθ¯[Lµν + i(∂µβν − ∂νβµ
− ∂µβ¯ν + ∂ν β¯µ −
1
2
m2
n · ∂
nµβν +
1
2
m2
n · ∂
nνβµ +
1
2
m2
n · ∂
nµβ¯ν −
1
2
m2
n · ∂
nν β¯µ)],
B¯µν(x, θ, θ¯) = B¯µν(x) + θ(ψµν − ∂µρν + ∂µρ¯ν + ∂νρµ − ∂ν ρ¯µ +
1
2
m2
n · ∂
nµρν
−
1
2
m2
n · ∂
nµρ¯ν −
1
2
m2
n · ∂
nνρµ +
1
2
m2
n · ∂
nν ρ¯µ) + θ¯B
⋆
µν + θθ¯Lµν ,
Mµ(x, θ, θ¯) = ρµ(x) + θǫµ + θ¯(ρ
⋆
µ − iβµ + iβ¯µ) + θθ¯Mµ,
M¯µ(x, θ, θ¯) = ρ¯µ(x) + θ(ǫµ − i∂µσ + i∂µσ¯ +
i
2
m2
n · ∂
nµσ −
i
2
m2
n · ∂
nµσ¯) + θ¯ρ
⋆
µ + θθ¯Mµ,
N (x, θ, θ¯) = σ(x) + θε+ θ¯(σ⋆ + χ− χ¯) + θθ¯N,
N¯ (x, θ, θ¯) = σ¯(x) + θε+ θ¯σ⋆ + θθ¯N,
M˜µ(x, θ, θ¯) = ρ˜µ(x) + θξµ + θ¯(ρ˜
⋆
µ − i∂µσ˜ +
i
2
m2
n · ∂
nµσ˜ + i∂µ ¯˜σ −
i
2
m2
n · ∂
nµ ¯˜σ)
+ θθ¯(M¯µ − i∂µχ˜+
i
2
m2
n · ∂
nµχ˜+ i∂µ ¯˜χ−
i
2
m2
n · ∂
nµ ¯˜χ),
¯˜Mµ(x, θ, θ¯) = ¯˜ρµ(x) + θ(ξµ − iβµ + iβ¯µ) + θ¯ρ˜
⋆
µ + θθ¯M¯µ,
Sµ(x, θ, θ¯) = βµ(x) + θηµ + θ¯β
⋆
µ + θθ¯Sµ,
S¯µ(x, θ, θ¯) = β¯µ(x) + θηµ + θ¯β
⋆
µ + θθ¯Sµ,
N˜ (x, θ, θ¯) = σ˜(x) + θψ + θ¯σ˜⋆ + θθ¯N¯ ,
¯˜N (x, θ, θ¯) = ¯˜σ(x) + θ(ψ − χ˜+ ¯˜ψ) + θ¯σ˜⋆ + θθ¯N¯ ,
O(x, θ, θ¯) = χ(x) + θΣ+ θ¯χ⋆ + θθ¯O,
O¯(x, θ, θ¯) = χ¯(x) + θΣ+ θ¯χ⋆ + θθ¯O,
O˜(x, θ, θ¯) = χ˜(x) + θη + θ¯χ˜⋆ + θθ¯O¯,
¯˜O(x, θ, θ¯) = ¯˜χ(x) + θη + θ¯χ˜⋆ + θθ¯O¯,
T (x, θ, θ¯) = ϕ(x) + θφ+ θ¯(ϕ⋆ − χ˜+ ¯˜χ) + θθ¯T,
T¯ (x, θ, θ¯) = ϕ¯(x) + θ(φ− χ+ χ¯) + θ¯ϕ⋆ + θθ¯T. (A.1)
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B Mathematical details of VSR modified Abelian 3-form gauge theory
The explicit form of the BV action of VSR modified Abelian 3-form gauge theory is calcu-
lated as
Leff =
1
24
HµνηξH
µνηξ +B⋆µνη(∂
µcνη + ∂νcηµ + ∂ηcµν −
1
2
m2
n · ∂
nµcνη −
1
2
m2
n · ∂
nνcηµ
−
1
2
m2
n · ∂
nηcµν)− c˜⋆µν(∂
µβν − ∂νβµ −
1
2
m2
n · ∂
nµβν +
1
2
m2
n · ∂
nνβµ)− c⋆µνB
µν
+ B˜⋆µν(∂
µf ν − ∂νfµ −
1
2
m2
n · ∂
nµf ν +
1
2
m2
n · ∂
nνfµ) + β⋆µ∂
µc2 + β˜
⋆
µF˜
µ + F˜ ⋆µ∂
µB
− f⋆µ∂
µB1 − β
⋆
µ
1
2
m2
n · ∂
nµc2 − F˜
⋆
µ
1
2
m2
n · ∂
nµB + f⋆µ
1
2
m2
n · ∂
nµB1 − c
⋆
2B2 + c˜
⋆
1B
− c⋆1B1 + φ
⋆
µf
µ −
(
Bµνη⋆ +
δΨ
δBµνη
)
Lµνη +
(
c˜µν⋆ +
δΨ
δcµν
)
Mµν
+
(
cµν⋆ +
δΨ
δc˜µν
)
M˜µν −
(
Bµν⋆ +
δΨ
δBµν
)
Nµν −
(
B˜µν⋆ +
δΨ
δB˜µν
)
N˜µν
−
(
βµ⋆ +
δΨ
δβµ
)
Oµ −
(
β˜µν⋆ +
δΨ
δβ˜µ
)
O˜µ +
(
F˜µ⋆ +
δΨ
δFµ
)
Pµ
+
(
Fµ⋆ +
δΨ
δF˜µ
)
P˜µ +
(
f˜µ⋆ +
δΨ
δfµ
)
Qµ +
(
fµ⋆ +
δΨ
δf˜µ
)
Q˜µ +
(
c˜⋆2 +
δΨ
δc2
)
R
+
(
c⋆2 +
δΨ
δc˜2
)
R˜+
(
c˜⋆1 +
δΨ
δc1
)
S+
(
c⋆1 +
δΨ
δc˜1
)
S˜−
(
φµ⋆ +
δΨ
δφµ
)
Tµ
−
(
B⋆ +
δΨ
δB
)
U−
(
B⋆1 +
δΨ
δB1
)
V−
(
B⋆2 +
δΨ
δB2
)
W. (B.1)
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The explicit form of the VSR modified extended BRST transformations for the Abelian
3-form gauge theory is
sbBµνη = Lµνη ,
sbB¯µνη = Lµνη −
(
∂µcνη − ∂µc¯νη + ∂νcηµ − ∂ν c¯ηµ + ∂ηcµν − ∂η c¯µν −
1
2
m2
n · ∂
nµcνη
+
1
2
m2
n · ∂
nµc¯νη −
1
2
m2
n · ∂
nνcηµ +
1
2
m2
n · ∂
nν c¯ηµ −
1
2
m2
n · ∂
nηcµν +
1
2
m2
n · ∂
nηc¯µν
)
,
sbcµν = Mµν , sbc˜µν = M˜µν , sbc¯µν =Mµν − (∂µβν − ∂µβ¯ν − ∂νβµ + ∂ν β¯µ
−
1
2
m2
n · ∂
nµβν +
1
2
m2
n · ∂
nµβ¯ν +
1
2
m2
n · ∂
nνβµ −
1
2
m2
n · ∂
nν β¯µ),
sb¯˜cµν = M˜µν −Bµν + B¯µν , sbBµν = Nµν , sbB¯µν = Nµν , sbB˜µν = N˜µν ,
sb
¯˜
Bµν = N˜µν − (∂µfν − ∂µf¯ν − ∂νfµ + ∂ν f¯µ
−
1
2
m2
n · ∂
nµfν +
1
2
m2
n · ∂
nµf¯ν +
1
2
m2
n · ∂
nνfµ −
1
2
m2
n · ∂
nν f¯µ),
sbβµ = Oµ, sbβ¯µ = Oµ − ∂µc2 + ∂µc¯2 +
1
2
m2
n · ∂
nµc2 −
1
2
m2
n · ∂
nµc¯2,
sbβ˜µ = O˜µ, sb
¯˜
βµ = O˜µ − F˜µ +
¯˜
Fµ, sbFµ = Pµ,
sbF¯µ = Pµ + ∂µB − ∂µB¯ −
1
2
m2
n · ∂
nµB +
1
2
m2
n · ∂
nµB¯,
sbF˜µ = P˜µ, sb
¯˜
Fµ = P˜µ, sbfµ = Qµ, sbf¯µ = Qµ, sbf˜µ = Q˜µ,
sb
¯˜
fµ = Q˜µ − ∂µB1 + ∂µB¯1 −
1
2
m2
n · ∂
nµB1 +
1
2
m2
n · ∂
nµB¯1,
sbc2 = R, sbc¯2 = R, sbc˜2 = R˜, sb¯˜c2 = R˜−B2 + B¯2,
sbc1 = S, sbc¯1 = S+B − B¯, sbc˜1 = S˜, sbφµ = Tµ, sbφ¯µ = Tµ − fµ + f¯µ,
sb¯˜c1 = S˜−B1 + B¯1, sbB = U, sbB1 = V, sbB¯1 = V,
sbB¯ = U, sbB2 = W, sbB¯2 = W, sbΩ = 0, (B.2)
where Ω ≡ [Lµνη ,Mµν , M˜µν , Nµν , N˜µν , Oµ, O˜µ, Pµ, P˜µ, Qµ, Q˜µ,R, R˜,S, S˜, Tµ,U,V,W] are
the ghosts corresponding to the shift symmetry.
The VSR modified BRST transformation of antifields are
sbB
⋆
µνη = lµνη, sbc
⋆
µν = mµν , sbc˜
⋆
µν = m¯µν , sbB
⋆
µν = nµν ,
sbβ
⋆
µ = oµ, sbβ˜
⋆
µ = o¯µ, sbFµ
⋆ = pµ, sbF˜µ
⋆
= p¯µ, sbfµ
⋆ = qµ,
sbf˜µ
⋆
= q¯µ, sbc2
⋆ = r, sbc˜2
⋆ = r¯, sbc1
⋆ = s, sbc˜1
⋆ = s¯,
sbφµ
⋆ = tµ, sbB
⋆ = u, sbB
⋆
1 = v, sbB
⋆
2 = w, sbB˜
⋆
µν = n¯µν , sbΛ = 0. (B.3)
where Λ ≡ lµνη ,mµν , m¯µν , nµν , n¯µν , oµ, o¯µ, pµ, p¯µ, qµ, q¯µ, r, r¯, s, s¯, tµ, u, v, w are the auxiliary
fields.
The superfields and anti-superfields in component form for the VSR modified extended
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BRST invariant 3-form theory are
Bµνη(x, θ) = Bµνη(x) + θLµνη, Cµν(x, θ) = cµν(x) + θMµν ,
B¯µνη(x, θ) = B¯µνη(x) + θ [Lµνη − (∂µcνη − ∂µc¯νη + ∂νcηµ − ∂ν c¯ηµ + ∂ηcµν − ∂η c¯µν
−
1
2
m2
n · ∂
nµcνη +
1
2
m2
n · ∂
nµc¯νη −
1
2
m2
n · ∂
nνcηµ +
1
2
m2
n · ∂
nν c¯ηµ −
1
2
m2
n · ∂
nηcµν
+
1
2
m2
n · ∂
nη c¯µν
)]
,
C¯µν(x, θ) = c¯µν(x) + θ
[
Mµν −
(
∂µβν − ∂µβ¯ν − ∂νβµ + ∂ν β¯µ −
1
2
m2
n · ∂
nµβν
+
1
2
m2
n · ∂
nµβ¯ν +
1
2
m2
n · ∂
nνβµ −
1
2
m2
n · ∂
nν β¯µ
)]
,
C˜µν(x, θ) = c˜µν(x) + θM˜µν ,
¯˜Cµν(x, θ) = ¯˜cµν(x) + θ(M˜µν −Bµν + B¯µν),
Bµν(x, θ) = Bµν(x) + θNµν , B¯µν(x, θ) = B¯µν(x) + θNµν ,
B˜µν(x, θ) = B˜µν(x) + θN˜µν , Bµ(x, θ) = βµ(x) + θOµ,
¯˜Bµν(x, θ) =
¯˜
Bµν(x) + θ
[
N˜µν −
(
∂µfν − ∂µf¯ν − ∂νfµ + ∂ν f¯µ
−
1
2
m2
n · ∂
nµfν +
1
2
m2
n · ∂
nµf¯ν +
1
2
m2
n · ∂
nνfµ −
1
2
m2
n · ∂
nν f¯µ
)]
,
B¯µ(x, θ) = β¯µ(x) + θ
(
Oµ − ∂µc2 + ∂µc¯2 +
1
2
m2
n · ∂
nµc2 −
1
2
m2
n · ∂
nµc¯2
)
,
B˜µ(x, θ) = β˜µ(x) + θO˜µ,
¯˜Bµ(x, θ) =
¯˜
βµ(x) + θ(O˜µ − F˜µ +
¯˜
Fµ),
F¯µ(x, θ) = F¯µ(x) + θ
(
Pµ + ∂µB − ∂µB¯ −
1
2
m2
n · ∂
nµB +
1
2
m2
n · ∂
nµB
)
,
F˜µ(x, θ) = F˜µ(x) + θP˜µ,
¯˜Fµ(x, θ) =
¯˜
Fµ(x) + θP˜µ, Fµ(x, θ) = Fµ(x) + θPµ,
Fµ(x, θ) = fµ(x) + θQµ, F¯µ(x, θ) = f¯µ(x) + θQµ, F˜µ(x, θ) = f˜µ(x) + θQ˜µ,
¯˜
Fµ(x, θ) =
¯˜
fµ(x) + θ
(
Q˜µ − ∂µB1 + ∂µB¯1 +
1
2
m2
n · ∂
nµB1 −
1
2
m2
n · ∂
nµB¯1
)
,
C2(x, θ) = c2(x) + θR, C¯2(x, θ) = c¯2(x) + θR, C˜2(x, θ) = c˜2(x) + θR˜,
¯˜C2(x, θ) = ¯˜c2(x) + θ(R˜−B2 + B¯2), C1(x, θ) = c1(x) + θS,
C˜1(x, θ) = c˜1(x) + θS˜,
¯˜C1(x, θ) = ¯˜c1(x) + θ(S˜−B1 + B¯1),
Φµ(x, θ) = φµ(x) + θTµ, Φ¯µ(x, θ) = φ¯µ(x) + θ(Tµ − fµ + f¯µ),
B(x, θ) = B(x) + θU, B¯(x, θ) = B¯(x) + θU, B1(x, θ) = B1(x) + θV,
B¯1(x, θ) = B¯1(x) + θV, B2(x, θ) = B2(x) + θW, B¯2(x, θ) = B¯2(x) + θW,
B¯⋆µνη(x, θ) = B
⋆
µνη(x) + θLµνη, C¯
⋆
µν(x, θ) = c
⋆
µν(x) + θMµν ,
¯˜C
⋆
µν(x, θ) = c˜
⋆
µν(x) + θM˜µν ,
B¯⋆µν(x, θ) = B
⋆
µν(x) + θNµν ,
¯˜B
⋆
µν(x, θ) = B˜
⋆
µν(x) + θN˜µν , B¯
⋆
µ(x, θ) = β
⋆
µ(x) + θOµ,
¯˜B
⋆
µ(x, θ) = β˜
⋆
µ(x) + θO˜µ, F¯
⋆
µ(x, θ) = F
⋆
µ(x) + θPµ,
¯˜F
⋆
µ(x, θ) = F˜
⋆
µ(x) + θP˜µ,
F¯⋆µ(x, θ) = f
⋆
µ(x) + θQµ,
¯˜
F
⋆
µ(x, θ) = f˜
⋆
µ(x) + θQ˜µ, C¯
⋆
2(x, θ) = c
⋆
2(x) + θR,
¯˜C
⋆
2(x, θ) = c˜
⋆
2(x) + θR˜, C¯
⋆
1(x, θ) = c
⋆
1(x) + θS,
¯˜C
⋆
1(x, θ) = c˜
⋆
1(x) + θS˜,
B¯⋆(x, θ) = B⋆(x) + θU, B¯⋆1(x, θ) = B
⋆
1(x) + θV, B¯
⋆
2(x, θ) = B
⋆
2(x) + θW,
C¯1(x, θ) = c¯1(x) + θ(S+B − B¯), Φ¯
⋆
µ(x, θ) = φ
⋆
µ(x) + θTµ. (B.4)
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The superfields for both extended BRST and anti-BRST invariant 3-form theory are
Bµνη(x, θ, θ¯) = Bµνη(x) + θLµνη + θ¯(B
⋆
µνη + ∂µc˜νη − ∂µ¯˜cνη + ∂ν c˜ηµ − ∂ν ¯˜cηµ + ∂η c˜µν
− ∂η ¯˜cµν −
1
2
m2
n · ∂
nµc˜νη +
1
2
m2
n · ∂
nµ¯˜cνη −
1
2
m2
n · ∂
nν c˜ηµ +
1
2
m2
n · ∂
nν ¯˜cηµ
−
1
2
m2
n · ∂
nη c˜µν +
1
2
m2
n · ∂
nη ¯˜cµν) + θθ¯(lµνη + ∂µBνη − ∂µB¯νη + ∂νBηµ
− ∂νB¯ηµ + ∂ηBµν − ∂ηB¯µν −
1
2
m2
n · ∂
nµBνη +
1
2
m2
n · ∂
nµB¯νη
−
1
2
m2
n · ∂
nνBηµ +
1
2
m2
n · ∂
nνB¯ηµ −
1
2
m2
n · ∂
nηBµν +
1
2
m2
n · ∂
nηB¯µν),
Cµν(x, θ, θ¯) = cµν(x) + θMµν + θ¯(c
⋆
µν + B˜µν −
¯˜
Bµν) + θθ¯(mµν + ∂µfν − ∂µf¯ν − ∂νfµ
+ ∂ν f¯µ −
1
2
m2
n · ∂
nµfν +
1
2
m2
n · ∂
nµf¯ν +
1
2
m2
n · ∂
nνfµ −
1
2
m2
n · ∂
nν f¯µ),
B¯µνη(x, θ, θ¯) = B¯µνη(x) + θ(Lµνη − (∂µcνη − ∂µc¯νη + ∂νcηµ − ∂ν c¯ηµ + ∂ηcµν − ∂η c¯µν
−
1
2
m2
n · ∂
nµcνη +
1
2
m2
n · ∂
nµc¯νη −
1
2
m2
n · ∂
nνcηµ +
1
2
m2
n · ∂
nν c¯ηµ −
1
2
m2
n · ∂
nηcµν
+
1
2
m2
n · ∂
nη c¯µν)) + θ¯B
⋆
µνη + θθ¯lµνη,
C¯µν(x, θ, θ¯) = c¯µν(x) + θ(Mµν − (∂µβν − ∂µβ¯ν − ∂νβµ + ∂ν β¯µ −
1
2
m2
n · ∂
nµβν +
1
2
m2
n · ∂
nµβ¯ν
+
1
2
m2
n · ∂
nνβµ −
1
2
m2
n · ∂
nν β¯µ)) + θ¯c
⋆
µν + θθ¯mµν ,
C˜µν(x, θ, θ¯) = c˜µν(x) + θM˜µν + θ¯(c˜
⋆
µν + ∂µβ˜ν − ∂µ
¯˜
βν − ∂ν β˜µ + ∂ν
¯˜
βµ −
1
2
m2
n · ∂
nµβ˜ν
+
1
2
m2
n · ∂
nµ
¯˜
βν +
1
2
m2
n · ∂
nν β˜µ −
1
2
m2
n · ∂
nν
¯˜
βµ) + θθ¯(m¯µν + ∂µF˜ν − ∂µ
¯˜
Fν
− ∂νF˜µ + ∂ν
¯˜
Fµ −
1
2
m2
n · ∂
nµF˜ν +
1
2
m2
n · ∂
nµ
¯˜
Fν +
1
2
m2
n · ∂
nνF˜µ −
1
2
m2
n · ∂
nν
¯˜
Fµ),
¯˜Cµν(x, θ, θ¯) = ¯˜cµν(x) + θ(M˜µν −Bµν + B¯µν) + θ¯c˜
⋆
µν + θθ¯m¯µν ,
Bµν(x, θ, θ¯) = Bµν(x) + θNµν + θ¯(B
⋆
µν + ∂µf˜ν − ∂µ
¯˜
fν − ∂ν f˜µ + ∂ν
¯˜
fµ −
1
2
m2
n · ∂
nµf˜ν
+
1
2
m2
n · ∂
nµ
¯˜
fν +
1
2
m2
n · ∂
nν f˜µ −
1
2
m2
n · ∂
nν
¯˜
fµ) + θθ¯nµν ,
B¯µν(x, θ, θ¯) = B¯µν(x) + θNµν + θ¯B
⋆
µν + θθ¯nµν ,
B˜µν(x, θ, θ¯) = B˜µν(x) + θN˜µν + θ¯B˜
⋆
µν + θθ¯n¯µν ,
Bµ(x, θ, θ¯) = βµ(x) + θOµ + θ¯(β
⋆
µ + Fµ − F¯µ) + θθ¯(oµ − ∂µB2 + ∂µB¯2 +
1
2
m2
n · ∂
nµB2
−
1
2
m2
n · ∂
nµB¯2),
¯˜Bµν(x, θ, θ¯) =
¯˜
Bµν(x) + θ(N˜µν − (∂µfν − ∂µf¯ν − ∂νfµ + ∂ν f¯µ −
1
2
m2
n · ∂
nµfν +
1
2
m2
n · ∂
nµf¯ν
+
1
2
m2
n · ∂
nνfµ −
1
2
m2
n · ∂
nν f¯µ)) + θ¯B˜
⋆
µν + θθ¯n¯µν ,
B¯µ(x, θ, θ¯) = β¯µ(x) + θ(Oµ − ∂µc2 + ∂µc¯2 +
1
2
m2
n · ∂
nµc2 −
1
2
m2
n · ∂
nµc¯2) + θ¯β
⋆
µ + θθ¯oµ,
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B˜µ(x, θ, θ¯) = β˜µ(x) + θO˜µ + θ¯(β˜
⋆
µ + ∂µc˜2 − ∂µ¯˜c2 −
1
2
m2
n · ∂
nµc˜2 +
1
2
m2
n · ∂
nµ¯˜c2)
+ θθ¯(o¯µ + ∂µB2 − ∂µB¯2 −
1
2
m2
n · ∂
nµB2 +
1
2
m2
n · ∂
nµB¯2),
¯˜Bµ(x, θ, θ¯) =
¯˜
βµ(x) + θ(O˜µ − F˜µ +
¯˜
Fµ) + θ¯β˜
⋆
µ + θθ¯o¯µ,
Fµ(x, θ, θ¯) = Fµ(x) + θPµ + θ¯F
⋆
µ + θθ¯pµ,
F¯µ(x, θ, θ¯) = F¯µ(x) + θ(Pµ + ∂µB − ∂µB¯ −
1
2
m2
n · ∂
nµB +
1
2
m2
n · ∂
nµB¯) + θ¯F
⋆
µ + θθ¯pµ,
F˜µ(x, θ, θ¯) = F˜µ(x) + θP˜µ + θ¯(F˜
⋆
µ − ∂µB2 + ∂µB¯2 +
1
2
m2
n · ∂
nµB2 −
1
2
m2
n · ∂
nµB¯2) + θθ¯p¯µ,
¯˜Fµ(x, θ, θ¯) =
¯˜
Fµ(x) + θP˜µ + θ¯F˜
⋆
µ + θθ¯p¯µ,
Fµ(x, θ, θ¯) = fµ(x) + θQµ + θ¯(f
⋆
µ − ∂µB1 + ∂µB¯1 +
1
2
m2
n · ∂
nµB1 −
1
2
m2
n · ∂
nµB¯1) + θθ¯qµ,
F¯µ(x, θ, θ¯) = f¯µ(x) + θQµ + θ¯f
⋆
µ + θθ¯qµ,
F˜µ(x, θ, θ¯) = f˜µ(x) + θQ˜µ + θ¯f˜
⋆
µ + θθ¯q¯µ,
¯˜
Fµ(x, θ, θ¯) =
¯˜
fµ(x) + θ(Q˜µ − ∂µB1 + ∂µB¯1 +
1
2
m2
n · ∂
nµB1 −
1
2
m2
n · ∂
nµB¯1) + θ¯f˜
⋆
µ + θθ¯q¯µ,
C2(x, θ, θ¯) = c2(x) + θR+ θ¯(c
⋆
2 +B − B¯) + θθ¯r,
C¯2(x, θ, θ¯) = c¯2(x) + θR+ θ¯c
⋆
2 + θθ¯r,
C˜2(x, θ, θ¯) = c˜2(x) + θR˜+ θ¯c˜
⋆
2 + θθ¯r¯,
¯˜C2(x, θ, θ¯) = ¯˜c2(x) + θ(R˜−B2 + B¯2) + θ¯c˜
⋆
2 + θθ¯r¯,
C1(x, θ, θ¯) = c1(x) + θS+ θ¯(c
⋆
1 −B1 + B¯1) + θθ¯s,
C¯1(x, θ, θ¯) = c¯1(x) + θ(S+B − B¯) + θ¯c
⋆
1 + θθ¯s,
C˜1(x, θ, θ¯) = c˜1(x) + θS˜+ θ¯(c˜
⋆
1 −B2 + B¯2) + θθ¯s¯,
¯˜C1(x, θ, θ¯) = ¯˜c1(x) + θ(S˜−B1 + B¯1) + θ¯c˜
⋆
1 + θθ¯s¯,
Φµ(x, θ, θ¯) = φµ(x) + θTµ + θ¯(φ
⋆
µ + f˜µ −
¯˜
fµ) + θθ¯(tµ + ∂µB1 − ∂µB¯1 −
1
2
m2
n · ∂
nµB1
+
1
2
m2
n · ∂
nµB¯1),
Φ¯µ(x, θ, θ¯) = φ¯µ(x) + θ(Tµ − fµ + f¯µ) + θ¯φ
⋆
µ + θθ¯tµ,
B(x, θ, θ¯) = B(x) + θU+ θ¯B⋆ + θθ¯u,
B¯(x, θ, θ¯) = B¯(x) + θU+ θ¯B⋆ + θθ¯u,
B1(x, θ, θ¯) = B1(x) + θV+ θ¯B
⋆
1 + θθ¯v,
B¯1(x, θ, θ¯) = B¯1(x) + θV+ θ¯B
⋆
1 + θθ¯v,
B2(x, θ, θ¯) = B2(x) + θW+ θ¯B
⋆
2 + θθ¯w,
B¯2(x, θ, θ¯) = B¯2(x) + θW+ θ¯B
⋆
2 + θθ¯w. (B.5)
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Form the above relations, we calculate
1
2
δ
δθ¯
δ
δθ
B¯µνηB¯
µνη = lµνηB¯
µνη −B⋆µνη(L
µνη − ∂µcνη + ∂µc¯νη − ∂νcηµ + ∂ν c¯ηµ − ∂ηcµν + ∂η c¯µν
+
1
2
m2
n · ∂
nµcνη −
1
2
m2
n · ∂
nµc¯νη +
1
2
m2
n · ∂
nνcηµ +
1
2
m2
n · ∂
nν c¯ηµ +
1
2
m2
n · ∂
nηcµν
−
1
2
m2
n · ∂
nηc¯µν),
δ
δθ¯
δ
δθ
¯˜Cµν C¯
µν = m¯µν c¯
µν +mµν ¯˜c
µν + c˜⋆µν(M
µν − ∂µβν + ∂µβ¯ν + ∂νβµ − ∂ν β¯µ +
1
2
m2
n · ∂
nµβν
−
1
2
m2
n · ∂
nµβ¯ν −
1
2
m2
n · ∂
nνβµ +
1
2
m2
n · ∂
nν β¯µ) + c⋆µν(M˜
µν −Bµν + B¯µν),
1
2
δ
δθ¯
δ
δθ
¯˜Bµν
¯˜Bµν = nµνB¯
µν −B⋆µνN
µν ,
1
2
δ
δθ¯
δ
δθ
B¯µν B¯
µν = n¯µν
¯˜
Bµν − B˜⋆µν(N˜
µν − ∂µf ν + ∂µf¯ ν + ∂νfµ − ∂ν f¯µ +
1
2
m2
n · ∂
nµf ν
−
1
2
m2
n · ∂
nµf¯ ν −
1
2
m2
n · ∂
nνfµ +
1
2
m2
n · ∂
nν f¯µ),
1
2
δ
δθ¯
δ
δθ
B¯µB¯
µ = oµβ¯
µ − β⋆µ(O
µ − ∂µc2 + ∂
µc¯2 −
1
2
m2
n · ∂
nµc2 −
1
2
m2
n · ∂
nµc¯2),
1
2
δ
δθ¯
δ
δθ
¯˜Bµ
¯˜Bµ = o¯µ
¯˜
βµ − β˜⋆µ(O˜
µ − F˜µ + ¯˜Fµ),
δ
δθ¯
δ
δθ
¯˜FµF¯
µ = p¯µF¯
µ + pµ
¯˜
Fµ + F˜ ⋆µ(P
µ + ∂µB − ∂µB¯ −
1
2
m2
n · ∂
nµB +
1
2
m2
n · ∂
nµB¯) + F ⋆µ P˜
µ,
δ
δθ¯
δ
δθ
¯˜
FµF¯
µ = q¯µf¯
µ + qµ
¯˜
fµ + f˜⋆µQ
µ + f⋆µ(Q˜
µ − ∂µB1 + ∂
µB¯1 +
1
2
m2
n · ∂
nµB1 −
1
2
m2
n · ∂
nµB¯1),
δ
δθ¯
δ
δθ
¯˜C2C¯2 = r¯c¯2 + r¯˜c2 + c˜
⋆
2R+ c
⋆
2(R˜−B2 + B¯2),
δ
δθ¯
δ
δθ
¯˜C1C¯1 = s¯c¯1 + c˜
⋆
1(S+B − B¯) + s¯˜c1 + c
⋆
1(S˜−B1 + B¯1),
1
2
δ
δθ¯
δ
δθ
Φ¯µΦ¯
µ = tµφ¯
µ − φ⋆µ(T
µ − fµ + f¯µ),
1
2
δ
δθ¯
δ
δθ
B¯B¯ = uB¯ −B⋆U,
1
2
δ
δθ¯
δ
δθ
B¯1B¯1 = vB¯1 −B
⋆
1V,
1
2
δ
δθ¯
δ
δθ
B¯2B¯2 = wB¯2 −B
⋆
2W. (B.6)
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